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Abstract

This paper considers estimation of the moments and the distribution of heterogeneous
marginal effects using panel data. We impose no restrictions on the form or dimension
of time-invariant heterogeneity. In this setting, we identify the mean, variance, higher-
order moments, and the distribution of marginal effects using two periods of data. In
particular, the moments are expressed as explicit functions of the data. We propose
simple nonparametric estimators for the moments and the distribution, and study their
asymptotic properties. The moment estimators are consistent and asymptotically normal.
For the distribution estimator, we establish consistency by developing novel results
that connect the convergence of distributions to the convergence of their moments. We
illustrate the methodology with an application to Engel curves for food at home. Our
analysis of variance, higher moments, and the distribution of marginal effects reveals
significant heterogeneity. In particular, some households have upward-sloping sections
in their Engel curves for lower values of expenditures. In contrast, the average Engel
curve is downward-sloping for all expenditure values, in line with the previous literature.
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1 Introduction

Marginal effects are a key object of interest in economics. For example, labor supply elasticity
with respect to the marginal tax rate plays a large role in the design of tax-and-benefit
systems and the determination of the optimal size of the public sector (Blundell, MaCurdy,
and Meghir, 2007a; Saez, Slemrod, and Giertz, 2012).

Unobserved heterogeneity poses a challenge to nonparametric analysis of marginal effects.
Under heterogeneity, interest centers on the moments and the distribution of marginal effects
(Heckman, Smith, and Clements, 1997). However, analysis of the distribution of marginal
effects is typically either limited to average effects (Hoderlein and Mammen, 2007, 2009;
Hoderlein and White, 2012; Chernozhukov, Ferndndez-Val, Hoderlein, Holzmann, and Newey,
2015) or restricts unobserved heterogeneity to be scalar and to enter the model monotonically
(Matzkin, 2003; Imbens and Newey, 2009; Evdokimov, 2010).

In this paper we identify and estimate the moments and the distribution of marginal
effects in a class of nonparametric panel data models. Specifically, we consider a setting with
time-invariant heterogeneity of unrestricted form and additive time-varying heterogeneity.
We identify the moments and the distribution using two periods of data for the subpopulation
of stayers — units with the same value of the covariate in both periods. In contrast to the
previous literature, we identify the variance, higher-order moments, and the distribution of
marginal effects without restricting the dimension of time-invariant heterogeneity or how it
affects the outcome. We propose simple estimators for the moments and the distribution of the
marginal effects. Our estimators are easy to compute. In particular, our moment estimators
are available in closed form and require no optimization. The distribution estimators require
solving a small quadratic program. For both the moment and the distribution estimators we
establish their asymptotic properties.

We consider the following model. The continuous outcome Y; is generated as
Y;t:m(Xit,Wit,ai)+uit, izl,...,N, t:1,7T (1)

where m is an unknown structural function. (X;, W;;) are observed explanatory variables,
X, is scalar and W;; may be a vector. «; is time-invariant unobserved heterogeneity, and
Ui is an unobserved time-varying idiosyncratic shock. We do not restrict the form or the
dimension of time-invariant heterogeneity «;. In particular, a; may be a vector, a function,
or a more complex object. The idiosyncratic disturbance w;; satisfies E [uy| X, Wi = 0. We
work in a fixed effect framework and do not restrict the dependence structure between «;
and { (X, Wit)}thl. The model may be interpreted as a generalized regression of the form
E [Yit|Xz‘t, Wi, Oéz‘] = m(Xm Wit, ;).



The goal of this paper is to identify and estimate the moments and the distribution of
O.m(x,w, a;) for a given value of (z,w). These moments and the distribution fully summarize
the impact of a marginal change in the covariate X;;, accounting for the heterogeneity in the
marginal effects induced by «;.

Identification and estimation of the mean, variance, and higher-order moments of the
marginal effect d,m(x,w, ;) exploits the panel structure of the data. First, we approximate
O.m(x,w, a;) by a finite difference of the form (m(z + h, w, ;) — m(z — h,w, ;))/2h, h > 0.
Second, we show that the kth moment of this finite difference is identified in model (1) for
the population of near-stayers — units with X;; = x — h and X;5» = x + h. By taking h — 0,
we identify the kth moment of marginal effects for stayers as the limit of the k&th moment
of the finite difference. Further, the moments of interest are identified explicitly in terms
of conditional moments of (Y;1,Y;2) and their derivatives if every component of the model
is smooth in x in a suitable sense. We obtain simple optimization-free estimators for all
moments of d,m(x,w, «;) by replacing population moments and derivatives with suitable
local polynomial estimators.

Identification and estimation of the distribution of d,m(z,w,«) builds on our results
for the moments. The distribution is identified under the assumption that it is determined
by its moments. We estimate the distribution of interest with a penalized sieve estimator.
Specifically, the distribution is approximated with a flexible mixture. The weights of the
mixture are obtained by approximately matching a finite number of estimated moments. The
estimator is easy to compute and only requires solving a quadratic optimization problem.

We characterize the asymptotic properties of our moment and distribution estimators.
First, we show that the moment estimators are consistent for the moments of d,m(z, w, «;),
and we obtain convergence rates. The convergence rates depend on the order of the moment.
Specifically, the convergence rate for the kth moment matches the convergence rate of a local
polynomial estimator for a kth derivative of a regression function. Second, we show that
the moment estimators are asymptotically normally distributed, which allows inference on
the moments of the marginal effects. Third, we establish consistency of our distribution
estimator. To do so, we develop novel theoretical results that connect the convergence of
moments to the weak convergence of corresponding distributions. In particular, the objective
function used is a sample version of a suitable metric that measures the distance between
distributions in terms of their moments. We further obtain convergence rates if the true
distribution is a finite mixture with nonparametrically modeled mixing probabilities.

As an application of our methodology, we estimate the moments and the distribution of
the slopes of household-level Engel curves for food at home. Overall, our results for variance,

higher-order moments and the distribution reveal significant heterogeneity in Engel curve



slopes. Further, for a fraction of households, their individual Engel curves have upward-
sloping sections for lower values of expenditures, before becoming downwards-sloping at
larger expenditures. Accordingly, Engel’s law does not necessarily hold at the household
level, although it holds on average. Last, the overall distribution of Engel curve slopes is
approximately symmetric, light-tailed, and becomes more concentrated around the mean as
expenditure rises.

Our paper is related to several strands of literature. First, we contribute to the literature
on nonparametric analysis of marginal effects (Matzkin, 2003; Altonji and Matzkin, 2005;
Hoderlein and Mammen, 2007, 2009; Imbens and Newey, 2009; Evdokimov, 2010; Hoderlein
and White, 2012; Graham and Powell, 2012; Chernozhukov, Ferndndez-Val, Hahn, and Newey,
2013; Chernozhukov et al.; 2015). As noted above, these papers fall into two principal
groups: those focusing only on average effects and those imposing monotonicity at some
stage to recover the full distribution of marginal effects. In contrast, we focus on identifying
and estimating all the moments and the distribution with heterogeneity of unrestricted
dimension. Accordingly, our approach is compatible with economic models which allow
for multidimensional unobserved heterogeneity, whether in preferences, technology, innate
abilities, or in other settings.

Second, models in the spirit of model (1) have previously been considered in Newey, Powell,
and Vella (1999); Newey and Powell (2003); Chen, Dahl, and Khan (2005); Evdokimov (2010);
Blundell, Horowitz, and Parey (2012), among others. We do not restrict the form or dimensions
of o; and focus on the moments and the distribution of the derivative of m.

Third, our empirical application contributes to the growing literature on nonparametric
analysis of Engel curves (Banks, Blundell, and Lewbel, 1997; Blundell, Browning, and
Crawford, 2003; Blundell, Chen, and Kristensen, 2007b; Imbens and Newey, 2009; Horowitz,
2011; Chen and Pouzo, 2012; Chernozhukov et al., 2015). Unlike the above papers, we focus
on the distributional features of the slopes of individual Engel curves and go beyond the
average slope, while allowing for unrestricted variation in preferences. Accordingly, we find
that some households have upward-sloping sections in their Engel curve for lower values
of expenditures, while confirming that the average Engel curve is downward-sloping for all
expenditure values.

We also contribute to the literature on identifying and estimating distributions from their
moments (Beran and Hall, 1992; Ormoneit and White, 1999; Wu, 2003; Mnatsakanov, 2008;
Mnatsakanov and Hakobyan, 2009; Ponomareva, 2010; Wu and Yang, 2020). In contrast to
these papers, we face the problem of constructing a distribution estimator based on moment
estimators that converge at different nonparametric rates. We metrize weak convergence of

distributions in terms of differences of moments, and use a sample version of the resulting



metric in order to construct a suitable sieve estimator for the distribution.

The rest of the paper is organized as follows. In section 2, we state our key identification
results for the moments and the distribution of the marginal effects. In section 3 we propose
simple estimators for these quantities. Sections 4 and 5 are devoted to the asymptotic
properties of the moment and distribution estimators, respectively. Section 6 contains a
simulation study. Finally, section 7 contains the empirical application. All proofs are collected
in the Proof Appendix. We provide some additional results in the online Supplementary

Appendix, available from the author’s website.

2 Identification

2.1 The Model

We begin by considering model (1) in more detail. Let the outcome Y;; be generated as
Y;t:TTL(XZ't,Oéi)—i-U,Z't, 7::1,...,N, t:1,2 (2)

where X; is a continuous random variable, «; is a random element of a suitable topological
space A, and m(-,-) is an unknown function. m is twice differentiable in its first argument,
and derivatives of m are bounded uniformly in both variables. For clarity of exposition,
we suppress W;; and focus on the case of T' = 2. Units ¢ are independent. The structural
function m is assumed to be invariant over time, ruling out unrestricted time trends. The
smoothness assumption on m rules out discrete choice models.

An example of setup (2) is given by Engel curves for food at home — the example we
empirically consider in section 7. Engel curves relate the household budget to the share of
the budget spent on a given good. In this context X; is the log total expenditure. «; reflects
time-invariant preferences, captured by a household-specific utility function. The function
m(X;, ;) is the share of the total expenditure exp(X;;) that a household with preferences
a; would like to spend on food at home. The observed share Yj; is equal to optimal share
subject to idiosyncratic shocks to consumption .

We are interested in the moments and the distribution of marginal effects 9,m(z, o).
Together, these objects provide a complete summary of the impact of a marginal change
in the covariate X;;, accounting for the heterogeneity in the marginal effects induced by «;.
Specifically, we consider these distributional features for the population of stayers at x — the

units with {X;; = X;» = x}. Formally, let k be a positive integer and label the kth moment



of marginal effects for stayers at x as

pr(z) =E [(8xm(x,ai))k|Xﬂ = X,y = x] .

The moments py(x) serve a double purpose. First, they may be of interest directly. In
particular, p;(z) is a local average response; this special case has been extensively studied in
the literature (Altonji and Matzkin, 2005; Hoderlein and White, 2012; Chernozhukov et al.,
2015). Moments with & > 2 may be used to compute summary statistics such as the variance
of marginal effects, skewness, etc. Second, the identification argument for the distribution
proceeds through moments p;(x). The distribution of d,m(x, a;) is determined by p(x) for
k=1,2,..., as 0,m(x, ;) is a bounded random variable under our assumptions. Such an
approach is required, as the structural function m is not identified due to the unrestricted

nature of «;.

We impose the following assumption on the time-varying disturbances wu:

Assumption 2.1 (Properties of u). (w;1,u;0) satisfies the following conditions:
(1) wy may depend on (X1, Xio), but only contemporaneously: w1 |(X;1, Xio) 4 w1 | X1 and
Ui2|(Xi17Xi2) : ui2|Xi2-
(1) Mean independence: E[u;| Xy = x| =0 for all x
(111) uy and u;p are conditionally independent conditional on (X1, X;2)

(iv) Conditional independence of uy and oy uy L o] (Xin, Xie).

Assumption 2.1 imposes a number of conditional independence assumptions on (w1, u;2).
It is similar to the assumptions of Evdokimov (2010), to whom we refer for a detailed
discussion. (i) allows the distribution of u; to change with ¢ and to depend on Xj; in a
potentially complex manner. However, (ii) imposes a location restriction on the distribution
of u;;. Under assumption (i) the model for Y;; may be viewed as the general regression model
considered by Wooldridge (2010a) with E(Y;| X, ;) = m(Xi, «;). Together, (i) and (i)
rule out using lagged values of Yj; as covariates (Hoderlein and White, 2012). Finally, under
(iv) uy; and o; may be dependent, but this dependence must flow only through (X1, X;2).

We adopt a fixed effects perspective and impose no assumptions on the form and dis-
tribution of ;. Additionally, o; may exhibit complex dependence with (X;i, X;2). In the
Engel curve example, preferences a; may take form of a utility function, sampled from some
unspecified probability law on a suitable space of functions. The expenditure level X;; may
be dependent with the household preferences «;.

We focus on the subpopulation of stayers — units with X;; = X;3 = = — for two principal
reasons. First, stayers and near-stayers comprise a large proportion of the data in many

applications (e.g. Graham and Powell (2012)). For example, in our application to Engel
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curves for food at home, most household exhibit little-to-no variation in their expenditure
levels between time periods (see fig. 6 in section 7). As such, stayers are a natural population
of interest; nonparametric identification and estimation of structural parameters for stayers
have been extensively studied in the literature (Evdokimov, 2010; Graham and Powell, 2012;
Hoderlein and White, 2012; Chernozhukov et al., 2015). Second, the moments and the

distribution of marginal effects for stayers are identified in our fixed effect setting.

2.2 Identification of Moments

We now turn to the identification of conditional moments py(z) of the marginal effect
O.m(x, o;) for the population of stayers at x, where x is ranges in some interval I =[xy, Zyp).
In order to identify p(z), consider the following intuitive argument. Let h # 0. By the

mean value theorem and intermediate value theorems it holds that

m(z + h, oq) — m(z — h, o)
(

T ) = (O,m(i, )", T=&(h,a;) €lx—h,z+h]. (3)

Taking expectations conditional on the event B,_jon = {Xi1 =  — h, Xj2 = v + h}, we
obtain that for all h # 0

(m(x 4 hyas) — mlz — h,ai))k

Ag(z,h) =E 57

By hon

_E [(&Em(:f, ;)" | Byn.on| (4)

The moment () is identified as the limit of Ag(z, h) as h — 0 if the following two
conditions hold:
(1) E[(8,m(Z, a))* | By_pan] converges to ug(z) as b — 0.
(2) Ag(z,h) is identified for all A > 0 small enough.

For the first condition, note that E[(8,m(Z, a))* | By_p 2] is approximately the kth moment
of marginal effects for the near-stayers — the population with X;; =2 — h and X;, =z + h.
If the stayers are the limit of near stayers as h — 0 in a suitable sense, then (1) holds.

For the second condition, we make use of model (2). The kth conditional moment of
(Yiz — Yi1)/(2h) is give by

Yio — Y\ "
— B,_
( 2h ) ‘ h2h

By conditional independence of w2, u;; and «a; (assumption 2.1), the above is equal to

E =K

((m(a: + h, ;) — m(IEQ; h, ai)) + (uig — u’?)) ’Bz—h,Qh

k <k;) A, (z, h) {zo (D E [U£2|Xi2 Z(z;;:}]E [ugl—l|Xi1 = — h} | 5



For k = 1eq. (5) shows that Ay(z, h) = E[(Yie — Yi1)/(2h)|Bo—n.on] as E[(ui—usn )| Be—pon] =
0 under assumption 2.1. Further, E [(YQ — Y;l)k/(Zh)|Bm_h,2h] is identified from the data
for all k, x € I and h > 0 small enough if suitable near-stayers are present in the data. We
conclude that A;(x, h) may identified for all h small enough. Hoderlein and White (2012)
obtain a similar result for the first moment in a somewhat more general model.

Higher-order moments Ag(z, h) can be identified recursively from (5) if suitable moments
of u;p and u;; are identified. As lemma 2.1 below shows, these moments can be recovered
from stayers with {X;; = X;» = x + h}, provided such stayers exist in the data.

To formalize the above logic, we impose two assumptions under which conditions (1) and

(2) hold. First, we assume that the stayers are the limit of near-stayers in the following sense:

Assumption 2.2 (Continuity). (i) Let Fo|x=z(-) be the conditional law of c; given {X; = =}
= {Xi =21, Xio = 22}, Foyx—o(-) is well-defined for all x." (ii) Fyx—s(-) is continuous in

x with respect to the weak topology, that is, if &, — x, then Fiyx—q,(-) = Fox=a()

Part (ii) is the substantial assumption. It assumes that stayers are not discontinuously
different from near-stayers in their unobservables. A similar assumption is also made by
Graham and Powell (2012) and Hoderlein and White (2012) in the context of a linear model.

Second, we assume that the covariate X;; is continuously distributed and that there exist
stayers and near-stayers for all A > 0 small enough. Existence of stayers and near stayers

then permits identification of the moments of (Y;, Yi2) given (X1, X;2) present in (5).

Assumption 2.3. (i) Let X; = (X;1, Xi2) and X = supp(X;). X, is continuously distributed
on X with density fx. (ii) Let I = [z, xw). There exists some € > 0 such that the e-
neighborhood J of the set {(z, ),z € I} C R? is strictly contained in X. (iii) The density

fx is uniformly bounded away from zero on J: infgey fx(x) > 0.

The assumption that X is continuously distributed may be generalized to allow point
masses of stayers at certain values of x. Such point masses may arise in settings where corner
solution responses are present (Wooldridge, 2010b; Graham and Powell, 2012).

Before stating the formal results, we introduce some notation. Let g(y1, y2) be a real-valued

function of (yi,y2). Define
Tg(xb Iz) =E [Q(Yih }/1'2)‘)(1'1 =11, Xjp = Iz] . (6)

For example, 7(,,_,, s (71, z2) stands for E [(Y}g — Y Xy =21, Xi0 = 1‘2]. Further, define

the following moments of m(x, o;) and wuy:

Vm (iL‘)ZE [mk(xvai)’X’il =Xp= :U] )

'We refer the interested reader to Tjur (1975) for a construction of continuous disintegrations of measures.



v (2)=E [uf| X =2], t=1,2
V(u2—u1)k (LU, h) =E [(Uzg — Uﬂ) ’Xﬂ =T — h, Xz‘g =x+ h]

J

_ ‘ko (k) vy (& = W s+ ). (7)

The following lemma shows that the moments of u;; and u, in (5) are indeed identified.
Further, the lemma provides recursive expressions for all the above moments and for Ag(z, h).

These expressions also serve as a foundation for our moment estimators.

Lemma 2.1. Let assumptions 2.1-2.3 and the technical reqularity condition C.1 in the

appendix hold. Let €, I, and J be as in assumption 2.5.

(1) Let sup,, ., E[|g(Yio, Yi2)|| X1 = 21, Xio = 23] < 00. Then r4(x1,x2) is identified for all
(x1,22) € J.

(2) Let sup, E []uit|K|Xit = :17] < 00 for some positive integer K. Then the moments v,,x(x),
Vb (), Viuy—ur)r (¥, h) are identified for x € (xy, — €, 2y + €) and all non-negative integers
k < K. In particular, if k =0, v,o(z) = vg(z) =1; if k =1, vu(z) = v (z) = 0 and
Ut (T) = 1y, (2, 2), and if k > 2

V() = 71 (2, 7) — ki (k - 1) Vs (2), (), (8)

V() =71 (2, 7) — ’i (k - 1) Vs (2)0,5 (), (9)

Bl
U () = 71, (2, ) — < , )ij (x)yuszj(x). (10)
(8) The moments of the finite difference Ak(x, h) are identified for x € I, 0 < |h| < € and
non-negative integers k < K as

T (yo ) (T h c+h) 24 ws—up)i—i (T, )
Ap(x,h) = Lo O (2h) ( ) A (2}1)k—j : (11)
0

Jj=

With lemma 2.1 in hand, we can now state a full identification result for p(z).

Theorem 2.2. Let assumptions 2.1-2.5 and the technical reqularity condition C.1 in the
appendiz hold. Let k be a positive integer such that sup, E|uy|"| X = 2] < 0o for t = 1,2.
Then pg(x) =E [(&Cm(w, a))¥| X = X = IL’} is identified for each x € I as limy_,o Ag(z, h).

Theorem 2.2 shows that it is possible to identify all moments of marginal effects, and not
just average effects, while allowing for multivariate unobserved heterogeneity. In particular,
it is possible to identify the variance (po(x) — p3(x)) of marginal effects, provided the second

moments of u;; are finite.



Fundamentally, the identification arguments of theorem 2.2 rest on two pillars. First, the
within variation of near stayers permits us to identify suitable moments Ag(z, h) of the finite
difference for arbitrarily small values of h. Second, continuity of the conditional law of «;

allows us to express the moments py(x) for stayers as the limit of Ag(x,h) as h — 0.

Remark 1. The identification argument stemming from eq. (3) uses a two-sided finite
difference. For a given point x, it requires the existence of units with X;; = x — h for positive
h small enough. However, such units might not exist if z is, for example, the minimal wage
in a labor supply application. In this case our argument can be generalized to use a one-sided
differences that only requires units with {X;; = 2, X;o = v+ h} or {X;1 = 2 — h, Xjp = x}.

2.3 Identification of the Distribution

The distribution of 9,m(z, a;) is completely characterized by its moments g (x) under our
assumption that d,m(x,a) is bounded uniformly in a and z. Thus, if () is identified for

all positive integers k, then so is the corresponding distribution. We formally state this result.

Theorem 2.3. Let assumptions 2.1-2.5 and the technical reqularity condition C.1 in the
appendix hold. Let sup,, E[|uit|k|Xit = x] < oo for all positive integers k. Then the distribution
of Oxm(z, ;) conditional on {X; = Xio = x} is identified for each x € I.

As theorem 2.3 shows, the distribution of marginal effects may be identified in the presence
of unobserved heterogeneity «; of unrestricted form. This distribution may then be used to
conduct distributional analysis of impacts of small changes in the covariate X;;. In addition,

theorem 2.3 strengthens 2.2, as it permits identification of all moments of marginal effects.

Remark 2. The result of theorem 2.3 may also be applied to u;. The distribution of wu;
conditional on {X;; = z} is identified in the setting of theorem 2.3 if Carleman’s condition
holds for it, that is, Y27 (1,2¢(z)) /2" = oo.

3 Estimation

We now turn to estimation. In line with our identification results, we first discuss estimation
of moments of the marginal effects d,m(x, ;). We then leverage those moment estimators to

obtain a suitable estimator for the distribution of d,m(z, o).

3.1 Estimation of Moments

In order to provide a simple estimator of py(x), we first refine the argument of the previous

section. Characterizing u(z) as the limit of Ag(z, h) as b — 0 allows identification under
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fairly general assumptions. The expressions of lemma 2.1 can then be used to construct an
estimator for Ag(z, h) for any h # 0. Ag(z, h) would in turn approximate py(z) as h tends
to 0. However, in practice a positive but not large value of the A would be necessary. Taking
h too small may lead to unstable estimates in finite samples, while taking A too large may
mean that Ag(z, h) is far from p(z). Thus, a rule for choosing h would be necessary — the
discretization parameter h becomes a tuning parameter of the problem. To avoid this choice,
we establish an alternative characterization for py(x) in terms of kth derivatives of certain
expectations, if these derivatives exist. Such a characterization then allows us to construct
straightforward estimators that do not require choosing h.

To obtain an alternative characterization of y (), consider the following intuitive argu-

ment. For x € I and h small enough (including zero), define Dy (z, h) as
Dy(z,h) =E [(m(z + h,a;) — m(z — h,;))*| Xis =2 — h, Xip =z + h] . (12)

Note that Dy(x,h) is simply (2h)*Ag(x, h). Thus Dy(z, h) identified for all x € I and all h
small enough by lemma 2.1.

Fix x € I. By the mean value theorem (m(x + h,o;) — m(z — h,q;))* is equal to
(2h)*(0,m(F, o;))* for some point T = Z(h,q;) € [x — h,x + h], as in eq. (3). Returning to
eq. (12), we can further add and subtract (2h)*u.(z) to obtain

Dy(z,h) = (2h)* () + (20)* [E [(0:m(Z, 0))¥| Xin = 2 — h, Xpo = 2+ h] — uk(:v)l

N

-

=:0(h)

Differentiating the first term on the right hand side k times with respect to h yields 2%k!uy.(z).
At the same time, suppose that (1) 6(h) is k times differentiable for h in some neighborhood
of 0; (2) the kth derivative of §(h) at h = 0 is equal to 0. Then we can then obtain ()
from the kth derivative of Dy with respect to h at h = 0 as

1
p(x) = Maﬁl)k(ﬂ%o)- (13)

In order to formalize the above logic, we impose several smoothness assumptions that we
formally state in the proof appendix (assumptions D.1-D.4). Informally, these assumptions
require that the model (2) be sufficiently smooth in z. We impose smoothness in (z1, x5) on the
structural function m and the conditional distribution of u;; and «; given {X;1 = x1, X0 = 22}
Each component is assumed to be differentiable at least k£ times. We also assume that wu;; is
distributed continuously conditional on X;;. Together, these assumptions imply that Dy(x, h),
6(h), and the moments of eqs. (6)-(7) are all differentiable & times.

The following theorem formally states our differentiation-based identification result for

11



px(z) under the additional smoothness assumptions described above. It offers an explicit

expression for g (z), rather than the limit-based characterization of theorem 2.2.

Theorem 3.1. Let assumptions 2.1-2.3 and C.1 hold. Further, let the smoothness assumptions
D.1-D.J in the appendiz hold with T > k. Let sup, E[|u|"| X = 2] < 0o for t =1,2. Then
(1) Dg(x,h) is identified for all x € I and h € (—¢,€) for I and € of assumption 2.5.

(2) Dy is k times differentiable in h for h € (—¢,¢€)

(3) Eq. (13) holds.

In light of theorem 3.1, an estimator for pg(x) can be obtained by constructing an
estimator for %Dy, (z,0). Such an estimator will directly target (), rather than Ay (z, h),
and will not require choosing A (informally, A is automatically set to 0).

To construct an estimator for 95 Dy (z, h), observe that eq. (11) can be restated in terms
of Dy(x,h) as follows:

k—1

Dy, h) = 13y, _yye(z — hyx + h) — Z( ) (%, h) Uy iy yei (7, h). (14)

J=

Correspondingly, the kth derivative of Dy (z, h) with respect to h is given by

8,’;Dk(x, h) = 8,lfr(y2 yl)k(x —h,z+h) (15)

- Z( ) [Z (k) (0RD; (. 1)) (O V(s (, 1))
i=0
Ok Dy (z,h) depends on the kth derivative of the conditional expectation of (Y — Yj)k. Tt
also depends on all the derivatives of order at most & of v,,_y,)i (2, h) and D;(z, h) for j < k.
These derivatives may be obtained by differentiating eqgs. (7) and (14), respectively.

The estimator fi;(x) is now obtained by replacing all population objects in eq. (15) by
suitable sample analogs. Algorithm 1 formally defines fix(z). The required derivatives are
obtained by differentiating equations (6), (7), (14), and the expressions of lemma 2.1, and
replacing the population objects by sample analogs in the resulting equations.

Intuitively, estimation can be broken down into three steps. In the first step we estimate
conditional moments of (Yjq,Y;1) and their derivatives. Formally, we estimate 7, and all
of its derivatives up to order k, where the functions g form the set {(yo — y1)7, 5] (31 —
y2), 18 (Y2 — 1), vy, ie1,2,0 k}. We propose estimating these objects simultaneously
by running a local polynomial regression of order ¢ (LP(q)) of ¢(Yi1,Yi2) on (X1, Xi o),
where ¢ > k + 1, although any other nonparametric approach may be used (see Fan and
Gijbels (1996) for a reference on LP estimation). An LP(gq)-based approach is practically

appealing, as all the necessary estimators exist in closed form and require no optimization. In
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Algorithm 1: Estimation of py(x) for k=1,... K

1

2

3

4
5
6

10

11

12

13

14

15

For g € {(y2 — )",y (1 —v2), v3 " (y2 — 1)yl 2y d € 1,2, k} let 8hry(x — hyx + h)|n—o

and 0! r,(x £ h,x £ h)|p—¢ be the local polynomial estimators of order g of d!,ry(z — h,z + h)|
and 9 ry(z £ h,x & h)|p—o for L =0,1,... K (see the Implementation Appendix)
Set for { =0,1,..., K

vt (x = h)lh=o = Dy (2 + h)ln=0 =0,
BfLDl (IJS7 0) = 827’(342_%)(% — h, x + h)‘hzo,
B} v (£ h) =0 = 1y (@ £ hyx £ ) o
Set
N 1l —7—
fu () = ié)th(x,O) ,
if K > 2 then

Set k =2 and while k£ < K do
Estimate the Ith derivative (I =0,1,..., K) of the kth moment of u; using eq. (8)

8;zyu’f (@ = h)ln=0 = 82Tyf71(y1*y2)(x —hyx = h)ln=o

-3 (451 12 () @) (@ =)

=0

Estimate the ith derivative (I =0,1,..., K) of the kth moment of us using eq. (9)
O v (@ + P)ln=0 = 047 yx-1(y, ) ( + By + 1) |n=o

-3 (455 ) (o) (A i)

=0

Estimate the Ith derivative (I =0,1,..., K) of v(,,_y, (2, h) at h = 0:

7=0
Estimate the Ith derivative (I =0,1,..., K) of Dg(x,h) at h = 0 using eq. (14):

82Dk(5ﬂ,0) :827‘(@/2 yl)k( z—h x+h)\h:0

B Z ( ) [Z () (W) (aﬁli”wzul)(kn(fv»h))] :

=0

1=

Set the moment estimator
fu(x) = O Dy.(,0).
if k<K then
Estimate the Ith derivative (I =0,1,..., K) of the kth moment of m using eq. (10)

- i (J B 1) [zl: (i) (m> (8}1‘1'1/”,1),3-(3; n h)|h=0)

Jj= =0

Setk=k+1

end
end

end

h=0

Tt @0 =3 () [32 (0) (e =mms) (A e)|-

],
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the Implementation Appendix we propose a convenient approach that allows computing all
the necessary derivatives for all the functions g simultaneously with only three applications
of LP(q) regression. Second, we estimate the moments of u;1, u; and m(z,«;) and their
derivatives of order up to k according to algorithm 1. By replacing population moments with
sample equivalents in lemma 2.1, we obtain estimators for Vyk and v,,» and their derivatives.
The estimated derivatives of v, are then combined to form an estimator for V(s —ur)i (T, h).
Third and last, estimators for 9}, D;(x, h),l = 0,1,...,k, j =1,... k are formed by evaluating
eq. (15) recursively starting from j = 1 until reaching j = k. The estimator fix(z) is obtained
by dividing the estimated value for 9% Dy (x,0) by (2~k!).

The estimator jix(x) is consistent and asymptotically normal, as we establish in the section
4, provided that the smoothing bandwidth of the LP(q) estimators is chosen appropriately.
Suitable confidence intervals for pug(z) may be constructed by nonparametric bootstrap,

recomputing /i (z) in bootstrap samples according to algorithm 1.

Remark 3 (Choosing the bandwidth parameter of the LP estimators). The moments of
interest p(x) are estimated most accurately when the first step estimators of moments of
(Yi1,Yis) are as accurate as possible, as algorithm 1 implies. In turn, the precision of the
first-step LP estimators is determined by the corresponding smoothing bandwidth. The
MSE optimal bandwidth(s) may be obtained with the data-driven method of Charnigo
and Srinivasan (2015), who propose a generalized C, approach targeted at nonparametric

estimation of derivatives of multivariate functions.

Remark 4 (Estimation based on moments of the finite difference). Alternative moment
estimators may be formed by estimating Ay (x, h) using a sample version of eq. (11). There
are two key differences between the estimator fix(z) proposed in this section and an estimator
targeting Ay (x, h). First, estimating Ag(z, h) requires choosing a positive value for h that
controls the bias-variance trade-off described at the beginning of this section. This difficulty
is not present in fix(x). Second, fix(z) imposes somewhat stronger smoothness properties.
Theorem 3.1 requires every component of the model to be differentiable at least &k times in x.
Further, at least k + 3 derivatives are needed to establish convergence rates and asymptotic
normality of fix(x) (see section 4). In contrast, regardless of k, only 3 derivatives are needed
to show consistency and asymptotic normality of an estimator based on Ag(x,h), as we

formally show in the Supplementary Appendix.

3.2 Estimation of the Distribution

We now turn to estimating the distribution function Fy(v|z) of marginal effects. We outline

the general approach, define our estimators, and offer some discussion. Technical details and
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asymptotic properties of the estimators are deferred to section 5.

We differentiate between two problems: estimating Fy(v|zg) at one fixed point z and
estimating the bivariate function Fy(v|z) as x varies in I = [z, x,p]. Although the two goals
are equivalent in population, they are not necessarily equivalent in finite samples. Estimating
the full conditional cdf for an interval of values for z yields a cdf smooth in the conditioning
argument, in line with the smoothness assumption 2.2. Further, this approach permits quick
evaluation of the estimates for any value in x € I, and does not require reestimating the
distribution at every point separately. However, it is less flexible in x.

In both cases we approximate the distribution with a finite mixture. The mixture weights
are chosen by projecting estimated moments onto the space of moments of corresponding
mixtures. The key difference between the two cases lies in how the mixing probabilities are
modeled. In the case of estimation at one point, the mixing probabilities are just a real
vector. In contrast, in case of estimating on an interval the mixing probabilities are allowed

to vary as a function of . We approximate these functions of = using Bernstein polynomials.

Estimation of Fy(v|zg) for z, fixed Consider first estimating Fy(v|zo) for a fixed zo € I.

We can model the unknown distribution function Fy(v|x) using the following mixture
approximation. Let p be a positive integer. Let vy, < vg, < --- < v,, be the (fixed) mixture
centers (see remark 5 below). Let ¥ be a smooth reference cdf; in section 5 we specify how
to pick ¥ to obtain nonparametric consistency. Finally, let v be a p-vector that satisfies
> P 7 =1, > 0; ~ is the vector of mixing probabilities. We model Fy(-|z¢) with a finite

mixture distribution with p components and mixing weights « as
p
Ap(w]y) =D 5T (v —v5,). (16)
j=1

Modeling Fy(v|zo) using A,(v|y) may be interpreted nonparametrically or parametrically.
First, consider a nonparametric perspective. In this case there may be no value of p or v
such that Fy(v|zg) = A,y(v]y). However, the distributions A,(v|vy) can approximate Fy(v|xg)
arbitrarily well if p is taken large enough, and ¥, v;,, and ~ are selected as in section
5.2. In this interpretation the functions A,(v|y) form increasingly complex spaces as p
grows. These spaces act as sieve spaces for Fy(v|zg).? Alternatively, in the parametric case
Fy(v|xg) = Ap(v]|yo) for some p and some vector =y, and the model is exact.

The mixture weights v are selected in the same manner regardless of the interpretation

of A,(v|y). Let K be a positive integer and jix(xo) be a consistent estimator for s (o),

2Such sieves are known as mixture of experts in statistics (Zeevi and Meir, 1997; Li and Barron, 1999;
Norets, 2010).
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k=1,...,K—1. fix(x9) may be the estimator fix(x) of section 3.1, an estimator of Ay (z, h),
etc. Let Ay > 0. Define

vt = [intan) — [ oy (a)]
= - % ﬂk(xo)—Z%‘/Uk‘l’(d(v_vj,p))] : (17)
k=1 " L j=1

The pointwise estimator at z( is defined as

Fi(v]zo) = Ap(v]7) (18)
where 7 is defined as
) P
4= argmin  Qn(y|ro) + v Z ’Y]Q'a (19)
¥k =120 j=1

where we assume that K > p or Ay > 0. The objective function is strictly convex in v on
the constraint set and < is the unique minimizer of the criterion function.

The interpretation of the estimator Fiy(v|zy) and the choice of K reflect the interpretation
of A,(v]7). In the nonparametric case, Fiy(v|zo) is a penalized sieve estimator. K and p
both tend to infinity as sample size N increases. The function Qy(7|xo) aims to measure the
distance between the true distribution function and the sieve approximant in terms of their
moments. As N increases, each fix(xo) converges to the true pg(xo); as K increases, more
and more moments are matched. Thus, in the limit the problem of minimizing Q x (~|vo)
becomes the problem of minimizing this distance to the true distribution of interest; this
property lies at the root of asymptotic properties of Fiy (v]zo) in the nonparametric case. In
the parametric case, Fiy(v|zo) is a method of moments estimator for the mixture distribution
Fy(v|xp). In this case it is sufficient to set K = p and Ay = 0.

The estimation procedure itself has a projection interpretation. The estimated moments
fix (o) may not be a valid sequence of moments in finite samples in the sense that there is
no distribution corresponding to them.? Optimizing Qx(7|xo) finds the distribution A,(v|y)
that best matches the first K moments.* The resulting estimator Fy(v|zo) is always a valid

distribution function.

3See ch. 10 of Schmiidgen (2017) for precise theoretical conditions for a finite vector to be a vector of
moments of some distribution.

4An alternative method is discussed by Wu and Yang (2020) in the context of estimating the (atomic)
mixing distribution for a Gaussian location mixture. They propose to first project the estimated noisy
moments into the moment space, and then fitting an atomic distribution that matches the moments exactly.
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The estimator F' ~n (v|xg) has several desirable properties. First, it is easy to compute and
evaluate. The problem of finding 4 is effectively a simple OLS or ridge regression with a
convex constraint, where the moments fix (o) play the role of the dependent variable. Further,
K will typically be fairly small in practice (we explore values 3-8 in our simulation study and
the empirical application). Second, the estimator is consistent. Fy(v|zo) converges uniformly
to Fy(v|zo), as we show in section 5. Moreover, in the parametric case Fy(v|zy) converges to
Fy(v|zo) in total variation.

Problem (19) is regularized in two ways. First, we restrict our estimate to be a valid
distribution function by the requirement that v; > 0 and Z?Zl v; = 1. Second, we potentially
include a Tikhonov regularization term in the objective functions itself. Its inclusion ensures
that the function is strictly convex even if p > K, allowing the functions (16) to have good

approximation properties, at the price of some regularization bias.

Remark 5 (Choice of centers v;,). The centers {v;,},_; may be chosen based on the
estimated mean and variance of marginal effects. Let M > 0 be a constant such that
Fo(fiy (xo) + M\:po) — Fo(fun (o) — M|a:0) > 11—+ 045 (1) for some fixed level f. M may be
determined by Chebyshev’s inequality, another inequality based on the first two moments,
the 68-95-99.7 rule, or some other approach. Partition the interval [fiy () — M, fi1 () + M]
into p equal-length subintervals and let v;, be the center of the jth interval. The number

of components p should be taken so that the distance between centers is not too large, for

example, not exceeding some multiple of &(zg) == \/jia(zg) — [i3(z0). As we show in section
5, such an approach allows the functions A, (v h/) to approximate Fy(v|zg) arbitrarily well as
p — oo. We note that in the parametric case it is possible to identify and estimate the centers
v;, as parameters of the problem using standard techniques of theory of finite mixtures. We

do not pursue this further.

Remark 6. Support of Fyy(v|zg) may itself be estimated using the moments pu (o). Kazemi,
Shahdoosti, and Mnatsakanov (2017) provide estimators based on the ratio of (k + 1)st and

kth moments as k& — oo.

Estimation of F{(v|z) for x ranging in I If interest lies in recovering Fy(v|z) for a range
of values of x, a more refined approximation is needed. We approximate Fy(v|x) with a finite
mixture distribution with mixing probabilities that smoothly depend on z as = € I = [z, Typ).
Let ¥ be as before. Fix p,,p, be positive integers. Let v be a p, X (p, + 1) matrix with

(7,0)th element v;;. Let vq,, < vap, < -+ < vp,,, be the mixture centers. Define

Ap, . (v]T,7) Z [Z Viibip, (T

j=1

( Uj,m) ) (20)
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where ;’”:17]-71 =1forl=0,1,...ps, v = 0 forall 5,/ and

2 v—ap \' [ 2w —2 \
b )= (" ¢ )
L. (2) ( [ ) (éfub — ZUlb) (ﬂfub — ﬂflb)

A,, p, may be interpreted from a nonparametric or a semi-nonparametric perspective, similarly

to A,. In the first case, the distributions A, ,, (v|z,7) can approximate the bivariate function

Fy(v|x) arbitrarily well as p,, p, — oo. A full discussion is provided in section 5.2. In the

semi-nonparametric case, Fp(v|z) can be represented as 7", po;(2)W (v — v;p,) for some

mixing probabilities pg ;(z), where the functions pg;(z) : I — [0, 1] satisty po;(z) > 0,
L1 poj(z) =1 for all z. In this case Fp(v|z) is a finite mixture in v.

In both cases the mixing probabilities are treated nonparametrically and approximated
using Bernstein polynomials {b;,, };", of a growing order p,. The key advantage of such
an approximation is that the approximated mixing probabilities [Y 17, ;b p, ()] are non-
negative and sum to 1 under simple conditions on the coefficients ;.

We extend the objective function (18) to the interval case by integrating it with respect
to x using some measure 7. 7 may be the estimated distribution of stayers as z € I, the

Lebesgue measure or some other measure. Let K be a positive integer and Ay, > 0. Define

Qv = [ X2 [t = [ #ptaote )] wla) )

Fp=1 ™ L

g

I =1

K-1 1
k!

|ete) = [ 5 vt ) e - vj,pm] n(da).

We define the interval estimator as
FN(/U‘x) = Apv,pa: ('U|,CI;" ’AY) (22)
where the weights are determined as

Y= argmin  Qn(v)+ A D7 (23)
Yv5,020,3°50 ) v=1 VL 3l

The interpretation of Fiy(v|z) is similar to that of Fy(v|z). In the nonparametric
case, F' ~n(v|z) is a penalized sieve estimator; K, p, tend to infinity as N increases. In the
semi-nonparametric case, p, is held fixed and we may take K = p,. In both cases p, — oo.

The estimator (22) shares the appealing properties of estimator (18). First, it is straight-
forward to compute. By interchanging the sums and the integral, we see that the problem

of finding 4 in eq. (23) is again an OLS or a ridge regression with convex constraints,
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though in this case the constraints are somewhat more complex to ensure that F ~(v|T) is
a valid distribution for all x € I. In the Implementation Appendix we offer a convenient
representation of (23) as a quadratic program. Second, Fy(v|z) is consistent for Fy(v|z)
in the sense that Fy(v|z) is the estimated cdf, then [; sup, | Fiy (v|z) — Fy(v]z)|m(dz) — 0.

Further, we establish convergence in total variation in the semi-nonparametric case.

4 Asymptotic Properties of Moment Estimators

We now turn to the properties of the moment estimator ji(x) of section 3.1. We begin by
establishing the convergence rate of fix(x) to ug(z) uniformly in z as x varies in I = [z, Zyp).

We then establish asymptotic normality of jix(z), enabling inference on pu(x).

The first step of constructing fix(z) involves running local polynomial regressions (Y1, Yi2)
on (X1, X;2) using a kernel ¢y p (detailed expressions are provided in the Implementation

Appendix). The kernel ¢ p is required to satisfy the following assumption.

Assumption 4.1. The kernel ¥rp : R?* — R satisfies: (i) Yrp(vy,vs) has bounded sup-
port; (ii) wpp(vi,va) ds Lipschitz continuous in (vi,ve) on R?; (iii) [?p(v1,ve)dvidvy <
00; () Yrp is a second order kernel in the sense that [1pp(vi,ve)dvidve = 1 and
Jvibrp(vi, va)dvidvy = [ vatbpp(vr, va)dvidvs = 0, Ypp(ve,vs) > 0.

The following theorem quantifies the rate of convergence of jix(z) to pux(z) uniformly as z

ranges through the interval I.

Theorem 4.1. Let assumptions 2.1-2.5, 4.1, and C.1 hold. Let the smoothness assumptions
D.1-D.J in the appendiz hold with 7 > q + 2 and let ¢ > k + 1. For some 6 > 0 let
sup, E [uzi ™| X, = x], t = 1,2. Let the first-step LP(q) regressions of g(Yi1, Yia) on (X1, Xi2)
use the kernel v p with a diagonal bandwidth matriz diag{s, s} for some (common) smoothing
bandwidth s, where g € {(y2 — y1), yi (1 — 1) ¥ o — 1) ¥l e j € 1,2, k). Let
s — 0 and log(N)/Ns*>*2* — 0. Then

suplin(¢) ~ pu(z)| = O ( o)+ ) .

As theorem 4.1 shows, the convergence rate of jix(z) is the same as the convergence rate
of an LP(q) estimator for the kth derivative (see Stone (1982) and Masry (1996a)). Such a
result is unsurprising in light of eqs. (13) and (15): fix(z) is based on the estimator of the kth
derivative of Dy, which in turn depends on the kth derivatives of conditional expectations of
(Yi1,Yi2) given (X;1, X, 2), as algorithm 1 shows.
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The smoothness assumptions in theorem 4.1 are slightly stronger than the corresponding
assumptions for identification in theorem 3.1. All components of the model are assumed to
be differentiable at least (¢ + 2) times, where ¢ is the order of the local polynomial fitted. ¢
itself is required to satisfy ¢ > (k + 1) in order to estimate kth derivatives. Correspondingly,
the theorem assumes the existence of at least (k 4 3) derivatives.

The optimal rate of theorem 4.1 is decreasing in moment order k for a given degree of
smoothness ¢. If s ~ (log(N)/N)¥/2+2) then

sup|jix(z) — p(7)| = Oqs, <(log(N) /N)(q*’““)/@(q“))).

zel

Remark 7. Theorem 4.1 assumes that all the first-step LP(q) regressions use a common
smoothing bandwidth s. This assumption might be relaxed as follows. Associate a bandwidth
s, to each function g and estimate the corresponding LP(g) regression using s,. The rate result
is be driven by the estimator with the highest variance and the estimator with the highest bias
in sense that sup,e|fix(z) — pr(2)] = Oq.s. (maxy(log(N)/Ns2t2)H2 4 max, s9751). Thus,
using a common bandwidth s that satisfies s ~ (log(N)/N)"/24+2) ensures the optimal

convergence rate. Remark 3 discusses a data-driven way of selecting such a bandwidth.
The following theorem shows that jix(z) is asymptotically normally distributed.

Theorem 4.2. Let k and q be two positive integers, q > k + 1. Let assumptions 2.1-2.53,
4.1, and C.1 hold. Let assumptions D.1-D./ in the appendix hold with T > q + 2. For some
9 > 0 let sup, E [u?tkM\Xit = x}, t =1,2. Let s — 0, log(N)/Ns**2k — 0, Ns¥+t — 0,
s*log(N) — 0. There exists a positive Vi (x) (characterized in the proof) such that

VNS (i (2) — () = N(0, Vi(a)). (24)

If ©1 # xo, then V Ns*>T2F (fy(x1) — px(z1)) and vV Ns*2F (g (z2) — pr(x2)) are asymptoti-
cally independent.

Theorem 4.2 may be used to conduct inference on (). In particular, nonparametric
bootstrap offers an attractive option. It requires recomputing jix(z) in each bootstrap sample
by rerunning algorithm 1. Both pointwise and uniform confidence bands may be constructed.
Alternatively, a plug-in estimator for Vj(z) may be used. However, we recommend against
this approach due to its complexity and poor performance; see the remark after the proof of
theorem 4.2.
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5 Asymptotic Properties of Distribution Estimators

We now turn to the asymptotic properties of our distribution estimators (18) and (22). We
study two approaches which reflect the interpretations of the estimators discussed in section
3.2. In the first case, the true distribution Fy(v|z) is a finite mixture with nonparametrically
modeled mixture probabilities. In this semi-nonparametric case, section 5.1 establishes a
distribution identification result that is stronger than theorem 2.2 and obtains convergence
rates of the estimators. In the second case, Fy(v|x) belongs to a nonparametric class of
functions, and estimators (18) and (22) may be interpreted as penalized sieve estimators.

Sections 5.2-5.4 establish consistency of the estimators in this nonparametric case.

5.1 Properties in the Semi-nonparametric Case

We first consider the situation in which Fy(v|x) is a finite mixture in v for all x in the interval

I = [z, ). Formally, we impose the following assumption:

Assumption 5.1. (i) There exists a finite integer p,, real numbers vy 5, < Vap, < ...Up, o
and functions pj(x)_ 11— [0,1], j = 1,...,p, such that Fo(v|z) = 35" poj(z)¥(v — vjp,),
poj(r) >0, and 375" poj(x) =1 for allx € I. (ii) poj(x) is twice continuously differentiable

inx forx e l. (i) U(v) is continuously differentiable in v.

Under assumption 5.1 the true distribution Fy(v|z) is a p,-component mixture with
centers v, ;, and mixing probabilities po j(x). We impose no functional form restrictions on
the mixing probabilities. However, they are required to be twice differentiable in z. For
simplicity, the centers v;;, are assumed to be known. Such an assumption may be relaxed
at the price of using more moments in identification and estimation. We assume that the
centers v;;, are independent of x € I. This assumption is not restrictive, as the interval /

may be taken to be arbitrarily short or to be a singleton.

A finite collection of moments is sufficient to identify Fy(v|x) under assumption 5.1. The
distribution Fy(v|x) is determined by the p,-vector of mixing probabilities py j(x). As the
following theorem shows, these probabilities are identified for all x € I using the moments of
orders 1,2,...,p, — 1. In turn, these moments are identified if sup, E[|u; """ | X, = 2] < oo,
as theorem 2.2 shows. This distribution identification result is stronger than theorem 2.3,

which uses an infinite number of moments to identify the distribution.

Theorem 5.1. Let assumptions 2.1-2.3, 5.1, and C.1 hold. Let sup, E[|u; """ Xy = x] < 0o
fort =1,2. Then the true mizing probabilities (pop,(2), ..., pos, (T)) are identified.
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A practical consequence of theorem 5.1 is that the first p, — 1 moments are sufficient to
estimate the distribution. We may take K equal to p, in the objective functions Qy(7|zo)
and Qn(v) of eqs. (17) and (21). Qn(v|zo) and Qn(v) are then strictly convex on the

constraint set. Regularization is superfluous, and Ay and Ay can be set to 0, as in section 3.

The following theorem establishes consistency and convergence rates of estimators (18) and
(22) under assumption 5.1. Let fix(x) be some consistent estimators of u(x) for k < p, — 1.
Let dpy (F, G) be the total variation distance between two distributions F' and G.

Theorem 5.2. Let assumptions 2.1-2.3, 5.1, and C.1 hold. let K = p, — 1
(1) Let the moment estimators ji(x) satisfy |fix(zo) — px(zo)| = Oa.sh(é,(f]({,)), where 5,(fjov) is
a deterministic sequence that satisfies 5,(€x]‘i,) =o0(1). Let Ay = 0. Then the estimator

FN(-|$0) of eq. (18) satisfies

dTV(FN(.|x0),FO(-|x0)) = Og.s. (k max (5](;"](%1/2> )

=1,..pu—1

(2) Let the moment estimators ji(x) satisfy sup,ey|fin(x) — pr(x)| = Ous.(0k.n), where O n
is a deterministic sequence that satisfies 6 n = o(1). Let A, = 0 and p, = p.(N) be
a non-decreasing sequence such that p, — oo. Then the estimator FN(|) of eq. (22)
satisfies

[ anetFta) = Fayatan) = O (max i, pax 613}).

=1,...pv—1

The convergence rates of Fy(-|zo) and Fy(:]-) are driven by the convergence rates of
moment estimators {i(z)}?*" and (for Fiy(-|-)) the order p, of the Bernstein approximation.
The moment estimators influence the convergence rates of Fiy(-|zo) and Fiy(-|-) through
the slowest-converging moment. Typically, this will be the highest-order moment used. A
special case arises if we use the moment estimators of algorithm 1. Suppose that a common
order ¢ is used for all the local polynomial estimators, and the optimal bandwidth s is used.

Then by theorem 4.1 it holds that

A o (4-Pv+2)/(4(q+2))
[ dneB(o) = Fotfa))n(da) = O (max{p‘; L(5) }> |

The convergence rate of the interval estimator Fy is also driven by p., the order of

the Bernstein polynomials used to approximate the mixing probabilities {povj(a:)}f’;l. De
does not enter the “stochastic” component of the convergence rate. To see why, note that
the optimization problem (23) may be intuitively viewed as a two-layer minimal distance

procedure. First, a p,-vector of mixing probabilities is estimated to best approximate moment
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estimates. Second, the coefficients of Bernstein polynomials are picked to approximate
the mixing probabilities from the first step. The distance between Fy and Fj is entirely
determined by the distance in the corresponding mixing probabilities, a vector of fixed
dimension. The behavior and the dimension of individual coefficients in 4 only matters
inasmuch as the estimated mixing probabilities [ 1%, ;.bip, ()] approximate the true po ().

In light of the above, the only limits on the value of p, are practical, as it is theoretically
optimal to set p, = co. As p, grows, the problem becomes higher-dimensional and more
challenging to solve. Further, using large values of p, involves using polynomials of high

orders, which may lead to numerical instability.

Remark 8. Theorem 5.2 is also a convergence result for densities, as both the estimators and
F, are differentiable, and convergence in total variation is tightly linked to L' convergence of

corresponding densities as 2dry (F,G) = [|F'(v '(v)|dv.

5.2 Approximating a Nonparametric Fy(v|z)

We now adopt a nonparametric perspective and suppose that assumption 5.1 may fail to hold.
In this case the functions A,(v|y) and A,, ,, (v|z,v) of eqs. (16) and (20) provide flexible
mixture approximations to the unknown true distribution Fy(v|z).

In order to formalize the approximating properties of A,(v|y) and A, ,, (v|z,7y) and
the asymptotic properties of the estimators of section 3.2, we first impose a smoothness
assumption on Fy(v|z) and define suitable spaces F and F’ of distribution functions. The

following assumption replaces assumption 5.1, and is considerably weaker than the latter.

Assumption 5.2. (i) F is the space of distribution functions F with bounded support; each
F € F continuously differentiable with a bounded density. (ii) F' is the space of bivariate
functions F(v|z) on R xI such that (i) for each x € I F(v|z) a cumulative distribution
function; (ii) F(v|x) is continuously differentiable in v for each x € I; (iii) for each v the
function F(v|x) is twice continuously differentiable in x; (iv) sup, ,|0,F (v|r)] < co; (v) the
support of F(v|x) is bounded uniformly in x. (i) the true distribution Fy(v|z) lies in F!
(which implies that Fy(v|x) € F for any x € I).

We first consider the problem of approximating Fy(v|zg) at a given point xy. The
functions A,(v|7y) of eq. (16) can approximate any F' € F arbitrarily well if the corresponding
parameters p, ¥ and the mixture centers are specified as we presently describe. The reference

distribution function ¥ is assumed to satisfy the following assumption:

Assumption 5.3. [W(dt) =1, U(t) > 0 for all t, ¥ supported on [—1,1], U is differentiable
with a symmetric density 1(t).
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In order to choose centers, let C); be a positive constant. Partition the interval
Chry/1og(log(p)) into p equal-length closed subintervals. Let v;, be the center of the jth
interval, numbered from left to right. The constant Cj; may be chosen according to the
method in remark 5 to ensure that the majority of the potential support of Fy(v|x) is covered
by mixture components.

Let £, be the collection of all functions of the form

L, = {Ap(vh’) = Z%"I’ (01:1(7] - Uj,p)) ) Z%’ =1, %= O}, (25)

where
1
Ip = (26)

py/Tog(log(p))eViesloe®)

L, is the pth (pointwise) sieve space, and any function F' € F may be approximated arbitrarily

well as p — 00, as we show in the proof appendix. £, is a variation of the mixture of experts
sieve (Zeevi and Meir, 1997; Li and Barron, 1999; Norets, 2010).

A similar approach can be taken to approximate Fy(v|z) as x varies in I. Let p, be the
number of mixture components. Let the mixture centers v;,, be selected as above with p,
in place of p. Let p, be the order of the Bernstein polynomials approximating the mixing

probabilities. Define the (p,, p,)th (interval) sieve space E;Mz as

Po
Ezlov,pz = {Apu,pz(v|x,'y) 50 > 0, nyﬂ =1,1=0,... ,px}, (27)

j=1

where for g, of eq. (26) and ¥ of assumption 5.3 we define

Pv Pz
Apvvpx (,U|'r77) = Z [Z ’Yjvlblypw (Z’)

j=1 Li=0
l Pz—l1
b _ (D= T — Tip Typ — T
l:px (x) - l °
Lup — Lip Lub — Lip

EZI,U . 18 a hybrid polynomial-mixture sieve that can approximate Fy(v|x) arbitrary well. The

v (0-;;1(1) - Uj,pv)) )

mixture weights are modeled using Bernstein polynomials on 7, which yields transparent

1

is a valid distribution
p’ll7pz

conditions on the parameters « that ensure that every member of £

function for each value of the conditioning argument.
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5.3 Estimation as Approximate Moment Metric Minimization

We now provide the analytical background for the choice of the objective functions (17)
and (21). Functions (17) and (21) approximately measure the distance between the true
distribution and the sieve approximant in terms of their moments, as noted in section 3.2.
In this section, we introduce such moment distances, establish their properties, and connect
them to the estimation problem of section 3.2.

Define the moment 2-metric ds , between two conditional distribution functions F'(-|z)

and G(-|xg) at a fixed point zg

. 1/2

dy , (F(-|0), G(-|w0)) = [Z% [/th(dvyxo) — /th(dvuo)r

k=1

In order to measure distances between families of conditional densities F'(-|x) and G(-|z)

as x varies in the interval I, we define the integrated moment metric. Let 7w be a finite
measure on I such that the Lebesgue measure on [ is absolutely continuous with respect to

7 and define the integrated metric
5, (F.G) = [ day(FIo), G Jo))(d)

The moment metrics dg,, and dj , connect convergence of moments to weak convergence of

distributions, as the following lemma shows.

Lemma 5.3. Let F and F' be defined as in assumption 5.2. Then
(1) do () is a metric on F. If F,,, F' € F, then dy,(F,, F') — 0 implies that
sup|Fy,(v) — F(v)| — 0.
(2) dj ,(-,-) is a metric on F'. If F:,F € F', then dj ,(F,, F) — 0 implies that

/sgp|Fn(v|x) — F(v|x)|m(dz) — 0.

Lemma 5.3 is the key piece of our estimation strategy. Consider first the problem of
estimating Fy(v|zo) at a fixed point xg. Since dy,, is a metric on F, Fy(v|zo) is the unique
solution of minper ds ,,(Fo(+|xo), F(+)). This minimization problem is infeasible, since we only
have access to noisy estimates of p(xg). Moreover, the estimates of higher-order moments
are dominated by noise. We then replace dy ,(Fo(-|zo), F'(-)) by a finite-sample version that
uses a finite and growing number of estimated moments fix(zo).

For F' € F we define

=

AFley -3 & intan) - [ t’“F(dwr, (28)

1

£
Il
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where fix(x¢) is some estimator of y(xy). The definition in eq. (28) agrees with that of eq.
(17) for all F € £,. Additionally, we define the population counterpart of Qy(F|zo) as

o0

QUFlen) =3 3y [mnlan) = [ #F@0)]| = (o Fulaw), FO)Y- (29)

Minimizing Q y(F|xo) over L, approximates minimizing the distance dy,, to the target cdf
Fy(-|xg) over F. The approximation becomes exact as the moment estimators converge to the

true moments, the number of moments used K grows, and the sieve space size p increases.

To estimate Fy(v|z) as z varies in I, we proceed similarly. We define for F' € F!

/IZ i [Mk /th(dv]:z:)rw(d:c) (30)

:/I;H {uk(x)—/th(dv]x)rﬂ(d:v) (31)

where fix(z) is an estimator of p (), and 7 is a finite measure on I such that the Lebesgue
measure is absolutely continuous with respect to .

As above, the problem of minimizing Q ~(F) is approximately equivalent to minimizing
the distance d5 ,(F(-|-), Fo(+|-)), though the argument is somewhat more complex than
in the case of Fy(v|zg). First, minimizing Qn over E{D . approximately corresponds to
minimizing Q over F!. Second, minz Q(F) is equal to 0, and it is uniquely attained at
F = Fy(v|z).” Last, by J ensen’s inequality the function ) upper bounds the integral metric

as [dy ,(F, Fo)]* < [d5 ,(F(-|x), Fo(-|z))m(dr) = Q(F).

5.4 Consistency of Nonparametric Distribution Estimators

Before stating a consistency results for estimators (18) and (22), we impose a technical condi-
tion on the moment estimators fix(z). Let {fx(x)}2,; be some sequence of estimators p(x)
that are consistent in the sense that sup,;|fx(z) — pr(2)| = Og.s.(0k,n) for some deterministic
Sk,n = 0(1). Define the moment estimators jiz(z) = max{min{/(x), Ck(k)/*}, —CFk(k!)*/*}

where C), > 0 is constant such that jix(z) remains consistent in the sense that

sup|fix(z) — pu ()] = Oa.s.(Ok,n)- (32)

zel

°To see this, let Q(F) = 0. Then ds ,(F(-|z), Fo(-|z)) = 0 for m-almost all z, and thus for Lebesgue-almost
all z (by the absolute continuity requirement). d ( (-|), Fo(-|x)) is a continuous function of by definition
of FI. We conclude that da ,(F(-|z), Fo(-|z)) = 0 for all z € I. By lemma 5.3 we conclude that F = Fp.
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Two remarks are in order. First, a suitable C), always exists under assumption 5.2. The
support of Fy(v|z) is bounded uniformly in z, and thus the moments p;(x) may grow at most
exponentially in k.° Second, the trimmed nature of jiz(x) is a purely technical assumption.
C), may be taken arbitrarily large, ensuring that fiy(x) = jix(x) for any finite collection of k.

We now state a consistency result for estimators (18) and (22).

Theorem 5.4. Let assumptions 2.1-2.3, /.1, 5.2-5.3, and C.1 hold. Let the moment estima-

tors fup(x) satisfy (32). Let K=K(N) be a non-decreasing sequence such that K — oo.

(1) Let p=p(N) satisfy p — oo, log(p) = o(v'K) and log(p) = 0(5,17/1’3) forallk=1,2,... for
S of (32). Let Ay — 0. Then the estimator Fy(-|zo) of eq. (18) satisfies

sulg Fn(v]zg) — Fy(v]zo)| 22 0.
ve

(2) Let p,=py(N) satisfy p, — 00, log(p,) = o(v/'K) and log(p,) = 0(5,17/]@) forallk=1,2,...
for dx.n of (32). Let p, = p.(N) satisfy p, — 0o. Let A = o(p;*). Then the estimator
Ex(|) of eq. (22) satisfies

[
I veR

Theorem 5.4 characterizes the nature of consistency of estimators (18) and (22). The

Fy(v]z) — Fy(v|z)|m(de) =25 0.

estimated cdfs converge uniformly to the true cdf of interest, in line with lemma 5.3. In the
case of estimation at one point g, Fi(-|xo) simply converges uniformly to Fy(:|zo). In the
interval case, the estimated family Fyy(-|x) (indexed by z) converges in a L'-L* hybrid mode.

Conditions of theorem 5.4 can be broadly split into three groups standard in penalized sieve
estimation literature (e.g. Chen and Pouzo (2012)). The first group deals with the complexity
of sieve spaces. As p — oo or p,, p, — 00, the sieve spaces are able to approximate Fy(v|z)
arbitrary well. The sample optimization problem can return a solution that is arbitrarily
close to Fy(v|z). The second group concerns the conditions on the penalty imposed on the
sample problems (19) and (23). In the case of estimation at one point, the nature of the
sieve spaces limits the magnitude of the penalty as Z?Zl ’yj? < 1 uniformly; in this case it is
sufficient for Ay — 0 to avoid regularization bias in the limit. In the interval case, a rate
condition on AL is necessary to ensure that the penalty is asymptotically negligible. The
third and most complex group deals with convergence of the sample functions Qn and Q N to
the corresponding population functions (). This group links together the convergence rates
Ok, of the moments, K, and the mixture sizes p and p,. As K increases without bound,

the truncation error in ) incurred by using only a finite number of moment decreases. At

®In particular, let supp(Fy(v|z)) = [cu(z), C,(x)]. Then C,, = sup,; max{|c,(x)|,|C,(z)|} satisfies (32)
(this value may be estimated, see remark 6).
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the same time, the mixtures cannot expand too quickly relative to both the number K of
moments used and the convergence rate of the moments. The relevant conditions are stated
in a high-level form, and they can be specialized given a particular form of d; 5. For example,
if the moment estimators of section 3.1 are used, p and p, may be taken polynomial in N,
and K may be taken polynomial or logarithmic in /N. In contrast, there is no restriction on

the order p, of Bernstein polynomials, as in the semi-nonparametric case (see theorem 5.2).

6 Monte Carlo

In this section, we assess the finite sample performance of our moment and distribution

estimators with a Monte Carlo study. The data is generated as follows:
Yit :m(Xit7&i)+uita 1= 1a"'7N7 T: 172a (33)

Y

mie, i) = af? (0750 0/ 4 0.25(24 — ) -0/eT)” /(e
where X;; is uniformly distributed on [0, 6]; X;2 = min{max{X;; + &,0},6}, & is Beta(2,
2)-distributed on [—o,,0,] for 0, = 1 (picked to approximately reproduce the share of
near-stayers in the empirical application of section 7). The shock u; satisfies wy|(Xi1, Xi2) ~
N(0,02); 0% chosen to match the average (across x) variance of marginal effects at x. The
time-invariant vector (04(1) Q; ) is drawn is follows; « )|(X11,X12) (x1,29) is Beta(2, 2)-
distributed on [0.5,1.5], « |(X11, XQ) (x1,x2) is Beta(3 — z1/3,1 + x/3)-distributed on
the interval [0.5, 1.5]; 51 and 0%' ) independent conditional on (X;, Xi»). The number of
cross-sectional units N is taken as 7500 (approximately 50% of the cross-sectional dimension
of the dataset of section 7) and T' = 2. Cross-sectional units are iid. We draw 1000 datasets.

Specification (33) may be interpreted as a constant elasticity of substitution function with
unit-specific scale %(1) and elasticity of substitution agz). The support of 041(2) includes 1; this
(2)

value corresponds to a Cobb-Douglas form in eq. (33). «;

is more likely to lie below 1 for

lower values of x; m is closer to a Leontief function for such draws of 0452). 0%(2) is more likely

to lie above 1 for higher values of ; m is closer to a linear function for such values of 041('2)~
We estimate the moments ju (), the distribution of marginal effects using the estimators
of section 3. To estimate py(x), we estimate the first stage conditional moments and their
derivatives using an local polynomial estimator of order k£ + 1. The common smoothing
bandwidth s is taken to be 1.2. It is selected by applying the multivariate generalized C,
criterion of Charnigo and Srinivasan (2015) for first derivatives (see remark 3). We use a
2-dimensional product Epanechnikov kernel. We report estimates for the first 4 moments in

this section. Negative estimates of even-order moments are replaced by zeros. To estimate
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Mean Second moment
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Figure 1: Simulation results for estimators of moments py(z) of marginal effects, k = 1,2, 3,4. Solid line —
average of estimates across Monte Carlo sample; dashed line — true population moments; shaded area — 95%
Monte Carlo bands

the distribution, we fit mixtures of 3-8 components using 3-8 moments (including the zeroth
moment). The locations of the mixture are located symmetrically around the estimated
mean using Chebyshev’s inequality (see remark 5). The reference cdf W is a unit-variance
Epanechnikov cdf. We only report the results for the pointwise estimator in this section,
as the estimates are virtually indistinguishable from those of the interval estimator. If the
number of components exceeds the number of moments, we include the penalty term in eq.

(19) with Ay = 1073. Some further results may be found in the Supplementary Appendix.

0.4
MC average
== == Tryue moments
02N
L) — —
0 | | I T
1 2 3 4 5 6

X

Figure 2: Simulation results for estimator of variance of marginal effects. Solid line — average of estimates
across Monte Carlo sample; dashed line — true population moments; shaded area — 95% Monte Carlo bands

Simulation results for moments are graphically represented on figs. 1-2. We report the
results for the the raw moments j;(7) and the variance (us(z) — p3(z)) of marginal effects.
For each moment, we plot the average of the Monte Carlo samples and 95% Monte Carlo
bands, as well as the target population moments.

The moment estimators for p(x) generally perform well in terms of bias and variance. The
bias is generally low and the estimators track the shape of p(z) well. Estimator variability
is generally limited for the moments under consideration, though the Monte Carlo bands
become larger relative to the estimand for py(x), in line with theorem 4.1. Estimation is
more challenging closer to the boundaries of the support of X.

We now turn to the results for the distribution estimators. The top panel of fig. 3 shows
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Estimated distribution (MC average, surface) and true distribution (net)

A

o
o
o
S}
N
o
w
w
o
~
IN
o
o
o
o
o

Figure 3: Simulation results for estimator of density f(v|z) of marginal effects conditional on {X;; = X3 =
x}. Top panel: solid surface — average of estimates across Monte Carlo samples, five components mixture
fitted using moments 0-4; transparent net — true population distribution. Bottom panel: contours of difference
between average distribution estimate and true distribution

the average five component mixture density fitted with the first five moments, starting from
the zeroth moment (K = p = 5 in eq. (17)), averaged across Monte Carlo samples. The
density is obtained by differentiating the cdf estimators. The shape is contrasted with the true
distribution, reported on fig. 3 as a transparent net. For clarity, we also plot the contours of
the difference between the two on the bottom panel fig. 3. Contours of the true distribution
and of different estimator specifications are depicted on fig. 5.

Overall, the bias-variance properties of the distribution estimators reflect those of jix(z).
Consider bias first. The estimates generally track the shape of the distribution well, including
tail behavior and the asymmetry for lower values of z. To measure variance, we report 95%
Monte Carlo bands for the distribution on fig. 4, splitting the plot at = 3 to reveal the
lower band. The peaks of the estimates are somewhat more variable in the regions where the
variance of marginal effects is smaller, such as for x around 6 (compare fig. 2). Near-zero
estimates of variance lead to very tightly concentrated distribution estimates.

The distribution estimates are fairly insensitive to the number of components and the
number of moments used in estimation. On fig. 5 we report contours for different combinations
of the number of components p and the number of moments K, as well as the contours of

the true density. Overall, all 3-6 component mixtures using 3-6 moments approximate the
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Figure 4: Simulation results for estimator of distribution of marginal effects for stayers at x. Solid surface
— average of estimates across Monte Carlo samples, five components mixture fitted using moments 0-4.
Transparent net — 95% Monte Carlo bands.
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Figure 5: Sensitivity of distribution estimates to number of components (p) and number of moments (K):
contour lines of averages of estimates across Monte Carlo samples. Top right panel — contours of true density.
Values of density normalized to lie in the interval [0, 1] for clarity
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distribution well. Increasing the number of components and moments beyond that allows the
model to better approximate features such as the peak of the true distribution, at the price
of somewhat overestimating the left tail and greater variability.

Finally, we note that the Supplementary Appendix contains the results for two further
simulations: a simulation that recreates several key features of the empirical application of
section 7, and specification (33) with N = 15000. The results of these additional simulation

studies support the results presented in this section.

7 Empirical Application

In this section we apply our methodology to Engel curves for food at home. Specifically, we
consider the first four moments and the distribution of the slopes of individual Engel curves
while allowing for unrestricted variation in individual preferences. Demand analysis is a
natural domain of application of our methods, as preferences over consumption are typically
multidimensional and potentially related in a complex manner with determinants of demand
(McFadden, 2005; Browning and Carro, 2007). The particular relevance of the Engel curve
slope is that it captures information about the income effect. As Banks et al. (1997) note,
fully estimating the distribution of the income effect at all points of the income distribution
is key for predicting responses to tax reforms. Further, Engel curves for food at home may
be used to establish purchasing-parity conversions (Almas, 2012).

Data and model The data on household expenditures on food at home and total ex-
penditures is drawn from the 2011-2019 waves of the US Consumer Expenditure Survey
(CES). The CES is a quarterly rotating panel dataset: each household is surveyed in up to 4
consecutive quarters before being replaced by a new household in the sample. To obtain a
demographically homogeneous sample, we only retain the households formed by married or
cohabitating couple with no children where the head of the household is between 20 and 65
years. This selection matches the demographics considered by Imbens and Newey (2009);
Chen and Pouzo (2012) and Chernozhukov et al. (2015). The resulting sample contains 8132
individual households that participated in the survey at least twice. To account for price
changes between 2011 and 2019, we deflate the expenditures to the level of the first quarter
of 2011 by the consumer price index. We transform the dataset into a balanced panel of
length T' = 2 by treating each pair of consecutive quarters for every household as a new
separate observation. The resulting dataset has 15231 cross-sectional observations. A formal
description of the procedure is available in the Supplementary Appendix. Let i index the
new resulting cross-section.

Let Yj; be the share of food at home in total expenditure in period ¢ where t = 1,2. We
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assume that Yj; satisfies model (2) as
Yie = m(Xi, i) + i

Here X, is the deflated log total expenditure and «; plays the role of time-invariant preferences.
The function m(Xy, ;) is the Engel curve. This model allows for a complex relationship
between expenditures and preferences. Last, u; reflects idiosyncratic shocks to consumption.
We assume that E [u;|X;] = 0, this assumption is found to hold for food at home by
Chernozhukov et al. (2015) in their analysis of average marginal effects.

Summary statistics and the prevalence of (near-)stayers Some summary statistics
of the data are presented on fig. 6. On the left panel, we plot a kernel estimate of the log
expenditure in the first and the second periods; all kernel estimates use a normal kernel with
the bandwidths selected by Silverman’s rule of thumbs. The two distributions are virtually
indistinguishable. Quarterly expenditure ranges from approximately $400 to $100000 2011
dollars (as log expenditure ranges from 6 to 11). The middle panel depicts a kernel estimate
of the density of changes in log expenditure. There is a high density of households with
small changes in expenditure. In other words, the population discussed in this paper —
the near-stayers and the stayers — comprises a large part of the population represented in
the data. This allows us to construct meaningful estimates for the objects of interest, as
near-stayers serve as the basis of identification and estimation for the stayers. Last, on the
right panel we plot a kernel estimate of the joint density of log expenditure and share of
food at home in expenditure. Engel’s law holds in our data — the estimates show a negative
correlation between expenditure and the share going on food at home.

Joint density: log expenditure
Density of log expenditure De1n§ity of changes in log expenditure0 4 and share of food at home

0.4f //
0.3
0.3 1

First period
0.2= = *Second period

0.5
0.1f 0.1

6 8 10 -2 0 2 6 8 10
Log expenditure Change in log expenditure Log expenditure

Figure 6: Summary of distributional features of log expenditure and share of food at home in expenditure.
Left panel: kernel estimate of density of log expenditure in the first and second periods. Middle panel:
kernel estimate of density of changes in log expenditure. Right panel: kernel estimate of joint density of log
expenditure and shares. Note: values of joint density normalized to lie in the interval [0, 1] for clarity.
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Methodology The moments pu;(z) and the distribution of the Engel curve slope are
estimated using the estimators of section 3 similarly to in section 6, to which we refer
for a discussion. There are two differences relative to section 6. First, we report 95%
pointwise confidence bands around the estimates using nonparametric bootstrap with 1000
bootstrap samples. Second, for purposes of inference, we undersmooth the moment estimators.
Specifically, the C,, criterion of Charnigo and Srinivasan (2015) suggests taking the smoothing
bandwidth s equal to 1.15. We reduce the value to 1 to ensure that the confidence intervals
are centered at g (z) by theorem 4.2.

Results: mean and standard deviation We first consider the mean and the standard
deviation of the Engel curve slope. Our estimates are depicted on fig. 7. For interpretability,
we report the x-axis in dollars. The estimated mean is negative for all expenditure values,
indicating a downward-sloping average Engel curve. Overall, the results for the mean are
consistent both with our estimates of the average Engel curve (v,,,(x), fig. 8) and the estimates
of the (average) Engel curve by Blundell et al. (2007b).

Mean of Engel curve slope
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Figure 7: Mean and standard deviation of Engel curve slope (u1(z) and [uo(x) — p3(2)]*/?) for food at
home and 95% bootstrap pointwise confidence band. Moments estimated using log expenditure (log dollars);
results reported in expenditure (dollars)
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Figure 8: Average Engel curve (v,,(z)) for food at home and 95% bootstrap pointwise confidence band.
Moments estimated using log expenditure (log dollars); results reported in expenditure (dollars)

Turning to the standard deviation, we reject slope homogeneity for expenditures below
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$14000. Furthermore, in this region, the estimated standard deviation is similar in magnitude
to the mean. This suggests that a fraction of the stayers at each point z have a positive Engel
curve slope — some individual Engel curves are upward sloping at that point  (though not
necessarily upward-sloping for expenditures higher or lower than ). In contrast, we do not
reject homogeneity of the marginal effect for expenditures above $14000.

Results: skewness and kurtosis We present estimates of the skewness and kurtosis of
the Engel curve slope on figure 9. Results are plotted for expenditures for which the variance
of slope is significantly different from 0. First, out estimates are consistent with a light-tailed
symmetric distribution for all expenditure values. Second, the estimates are more precise
for expenditures below $8000, and we split the results accordingly. This effect is driven by

dividing by progressively smaller values of standard deviation as expenditure increases.

Skewness of Engel curve slope Skewness of Engel curve slope
2
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Figure 9: Skewness and excess kurtosis of Engel curve slope for stayers for food at home and 95% bootstrap
pointwise confidence band. Note: moments estimated using log expenditure (log dollars); results reported in
expenditure (dollars)

Distribution We now turn towards the distribution of the individual Engel curve slopes.
On fig. 10 we plot a five component mixture fitted using the first five moments, starting from
the zeroth moment (below we discuss robustness of the estimates). We also report 95% bands
obtained by recomputing the distribution in every bootstrap sample and taking suitable
quantiles of the bootstrap estimates at each value of v and expenditure. The estimated
distribution reflects the properties implied by the moment estimates. The distribution is
symmetric and centered around a negative value. Its variance decreases with expenditure.
The estimates are more precise for expenditures below $8000, as for skewness and kurtosis.

A non-zero fraction of households has upward-sloping sections in their Engel curve for
food at home. This fraction is approximately 35% for lowest expenditure values, and drops
as expenditure rises. It is not significantly different from 0% for expenditure values above
$14000. These distributional results imply that Engel’s law does not necessarily hold at the
household level, although it holds on average (figs. 7-8). The share of food at home may
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Figure 10: Distribution of Engel curve slope. Top panels: density and and 95% pointwise bootstrap intervals
(transparent net). Bottom panel: contours of density; values normalized to lie in the interval [0, 1] for clarity.
Results estimated using log expenditure (log dollars), reported in expenditure (dollars)

be increasing for some range of expenditures before decreasing for larger expenditure. We
conjecture that this results may be driven by a combination of financial constraints and

households prioritizing basic needs as their expenditures expand.

0.4

0.2~

| | | | | | B
2000 4000 6000 8000 10000 12000 14000 16000 18000 20000
Total expenditure, dollars

Figure 11: Share of households with a positively sloping Engel curve at given expenditure value. Shaded
area: 95% bootstrap pointwise intervals. Results estimated using log expenditure (log dollars), reported in
expenditure (dollars)

Distribution robustness The estimates of the distribution are robust with respect to both
the number of components and the number of moments used, as was the case in our Monte
Carlo study. We plot contours of the estimates for some combinations of these parameters
on fig. 12. The resulting estimates are stable overall. The density displays some minor
differences in shape and in the extent of the tails when using three or four components when
compared to the case of using 5 components or more

Finally, we remark that the Supplementary Appendix contains a number of further results.
In it, we first report estimation results for higher-order moments and moments of m and
u. Second, we provide the results of applying the interval distribution estimator. Last, we
provide estimates for all combinations of K and p considered. The evidence emerging from

these additional results is consistent with the evidence reported here.
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Figure 12: Sensitivity of estimated distribution of Engel curve slope to number of moments (K) and number
of mixture components (p) used in estimation. Note: values of density normalized to lie in the interval [0, 1]
for clarity. Results estimated using log expenditure (log dollars), but reported in expenditure (dollars)
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Appendix I: Implementation

A Implementation of Moment Estimators

In this section we discuss some further implementation details of the moment estimator jix(x)
of section 3.1 in the main text. Section A.l discusses a convenient parametrization of the
first-step local polynomial (LP) regressions that estimate moments of (Y;1,Y;2) and their
derivatives. In section A.2 we further show how to exploit the linearity of the LP estimators
to run at most 3 LP regressions regardless of the order of the moment of interest. Finally,
in section A.3 we discuss how the moment expressions simplify if the distribution of u, is

invariant over time.

A.1 Simple Parametrization for Local Polynomial Estimators

Step 1 of algorithm 1 requires computing local polynomial estimators for 8 r,(z — h, x+h)|n=o
and O\ ry(z £ h,x 4+ h)|p= for L =0,1,..., K and g € G where

G ={(2— v/ ud (1 —we)w3 (2 —w0) 93 'y2nd € 1,2, K},
In this section we provide convenient formulas for these estimators.

Directly regressing g(Y;1, Yi2) on (X;1, X;2) is somewhat inconvenient for estimating the
derivatives with respect to h. In principle, the derivatives of the form d}r,(x — h,x + h)|n=9
and O}r,(x + h,x &+ h),—o can be obtained from the partial derivatives of r,(x1,z5) with
respect to x; and xz, evaluated at (x1,2z5) = (x,z). However, the relationship between the
two is given by Faa di Bruno’s formula, which may be cumbersome to evaluate for [ > 3.

To resolve the above issue, we propose an alternative equivalent parametrization of the
regressions. This approach obviates the need for combining estimated partial derivatives
according to Faa di Bruno’s formula, and may be used easily in any statistical software
capable of running local polynomial (LP) regressions.

Consider r,(x — h,z + h) = Elg(Yi1,Yin)|Xi1 =z — h, X2 = x+ h|. Define the new
variables VVZ-(lA) = (X1 + Xi2)/2 and VVi(zA) = (Xi2 — X;1)/2, and define

RéA)(th&) =E g(ﬁlﬂ%ﬂm(l& = Wy, W/Z'(QA) = wz] .

Then
rg(x — h,x +h) = R (0,2 + h).
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Thus, the derivative of interest can be expressed as
! I pld)
Oprg(x — h, o+ h)|n=o = O, Ry (w1, W2)| (w1 ws)=(0,2)-

To estimate the derivative on the right, we regress g(Y;1, Y;2) on (I/Vi(lA), VVi(gA)) with local poly-
nomial regression around (wy,ws) = (0, ). Then an estimator for (91’”2R,(1A) (W15 02)] (w1 w9)=(0,2)
can be directly obtained from the coefficient on (Wi(QA))l in a standard manner.

Specifically, let ¢ be a positive integer, ¢ > [. Let the (¢ + 1)(q¢ + 2)/2 vector VVZ-(A)
have the (p(p +1)/2 + j + 1)th element (W/i(lA))p_j(VVi(QA))j, where j € {0,1,2,...,p} and
p€{0,1,2,...,q}, and let the N x (¢ + 1)(g + 2)/2 matrix W) have the ith row VV,;(A),
that is,

(A) A A A2 A)rrr(A A2 A3 A\ 9
W = (1w we, (W) wewe () () (),

)

!/

A)’ A)’ A)’
W<A>:(W1( " W >,...,W}V>) .

Let 11p be a kernel that satisfies assumption 4.1 and let s be a positive number. Then let ¥
be the N x N diagonal matrix with (4,4)th element given by s‘QwLp(W/i(lA)/s, (Wi(f) —1z)/s).
In addition, let g(Y) be the N x 1 vector with ith element given by ¢(Y;1, Yi2). The LP(q)
coefficient vector B, of regressing g(Yi1, Yi2) on (I/Vi(lA), VVi(gA)) is defined as

A~ / -1 /
B, = (W' ew®) W ay(y), (34)

The LP(q) estimator for @lqu;LA) (W1, W2) | (wy,we)=(0,2) 15 then given by

. :
0Ly RS (1, 102) =00 = 1! (By ) (35)

(1+1)(1+2)/2

where (8,); stands for the jth element of 3,.
The argument is analogous for rg(x + h,z + h). Define the new variables Wi(li) =
(Xi2 — Xi1)/2 and I/Vi(Qi) = +(X;1 + Xi2)/2. Define

Réi)(wl’wQ) =E 9<E17K2)|m(1i) = thVi(Qi) = wa| .

Then

rg(x & h,x £ h) = R (0, £z + h).

Thus,
8Lrg(:v t+hxEh)|p—o = 8L2R§i)(w1, W2) | (wy 1) = (0,42) -

As above, the derivative of interest is estimated by the coeflicient on (I/Vi(;))l in the local
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polynomial regression of g(Yi, Yiz) on (W=, W) around (0, £2), similarly to eq. (35).

A.2 Using Linearity of the LP(q) Estimator

An additional computational simplification is made possible by the linearity of the LP(q)
estimator. Let 9}r,(x — h,x + h)|n—o be the estimator for 9}r,(x — h,z + h) constructed as

above. As the LP(q) estimator is linear, it it possible to represent 0% r,(x — h,z + h)|j=o as

N
Ohrg(w = hyw + h)aco = S Wilx)g(Yir, Vi), (36)
i=1
where the weights W, v do not depend on g or (Y;1,Y;2). The weights W;x(x) for all
l=0,1,..., K are determined by a single matrix inversion as in eq. (34).

The estimators m may then be rapidly computed using eq. (36) for
all ¢ € G once the W;(x) are determined. In other words, only a single evaluation of
weights is required. The same point applies to constructing estimators of (9}17“9@ + h,x +h).
We conclude that overall all the required estimators can be computed using a total of 3

applications of LP(q).

A.3 Exploiting Stationarity of wu;

If u; is stationary, the expressions for moments of w;; and w;y of alg. 1 simplify. Let v, (x) be

the (time-invariant) kth moment of u;. Then the Ith derivative of v(y,_y,)»(x, h) is given by

O s ) = 3 (p) [i (i) (Ghvs (& — 1)) (D vs (2 + 1) |

=0 M/ o
Both equations (8) and (9) identify vk, leading to overidentification. A simple way of

combining the two possible expressions is averaging them as

:cj:h,xj:h)—l—ryg_l
2

r p_1(y1_y2)( (yQ_yl)(x + h,x+h)

vz £ h) =24

B zj (p ; 1) Ui (2 B (2 ).

(e b By — (z+h,z£h) -g Pty (@ by )

.
—1
N (p, 1)ij(xih)l/up_j(x:|:h).
: J—

1

bS]

<

—_

<
Il
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The Ith derivatives of the above expressions with respect to h are given by

O (£ h) = a;lmyzlo—l(yrw)(x +h,x+h)+ aflrygfl(yryl)(ac + h,x £ h)
o Lo 2
- Z (p ] ) Z <z> (a}iLij (x £ h)) (8;1_"1/%7;- (z+ h)) ,
j=1 i=0
O (10 h) = 827“%71%(:1: t+haxth)+ 82%5712” (xth,zth)
p—1 1 1 I 2
2 (? - 1) [Z (Z) (Ohms (£ 1)) (O v (x £ 1)) | -
J=1 i=0

B Implementation of Distribution Estimators

In this section, we provide convenient representations for the optimization problems associated
with the distribution estimators of section 3.2. Section B.1 discusses the case of estimating
the distribution at a single point z, while section B.2 is dedicated to the case of estimating the
distribution for an interval of values of x. In both cases, the estimation problem is reduced

to a standard quadratic program.

B.1 Estimation at One Point

We first consider the problem of estimating Fy(v|zg) for a fixed point xy. Recall that Fy(-|xo)

is approximated using mixture cdfs of the form
p
Ap(oly) =D V(v =),
j=1

where p is the number of components (the dimension of the corresponding sieve space L,), ¥
is a cdf, and vy, < -+ < v, are fixed centers.

We introduce some additional notation. Define
Q = diag{0!, 1!,... (K — 1)!}.

Let My x be a K X p, matrix with (k, j)th element given by [v*~'¥(d(v — v;,))dv. Note
that My ; can be conveniently evaluated using formula (87) that requires only evaluating
[ v*U(dv) for k =0,..., K — 1. Further, let ji,(x) be an estimator for px(z) and define

.U‘K<x) = (,Uo(x)mul(w)a"'7,&K71(x))l' (37)
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The function Qx(v|zo) of eq. (17) in the main text can be represented as
Qn(v|z0) = [Ax (o) — My k] @ [Ax (o) — My k7]
=5 My  QMy kv — 2fu(20) My ey + fur (o)’ fur (o)
It immediately follows that the estimated weights 4 can be characterized as the solution of

the following quadratic program:

= argmin y(My QMy g + AvI,)y — 2fk(r0) My k7Y

K
‘Y:ijl vi=1,7;20

where Ay > 0 and I, is the p x p identity matrix. Note that the Hessian is positive definite
it K >por Ay > 0.

B.2 Estimation Over an Interval

We now consider the problem of estimating Fy(v|z) as = range in the interval I = [z, Typ).
Fy(-|-) is approximated using a finite mixture whose mixture probabilities are given by

Bernstein polynomials:

Pv Pz
Apmpx (U|ZE, 7) - Z [Z /ijlblvpx (x)
=0

j=1

p w—ap \' [ wuw— 2 P
b S v )
L (7) ( [ ) (xub - xlb) (xub — xlb)

Let the p, x (p, + 1) matrix « have the (j,1)th element v;;_1. Let 7 be a finite measure on /

\Il ('U - UjﬁDv) )

such that the Lebesgue measure is absolutely continuous with respect to . Let the objective

function Q be as in eq. (21):

Qe = [ KZ% [ﬂkm ey [Z Yt (2

j=1 Li=

W(d(v - Uj,pv))] m(d).

The estimated weights are found as in eq. (23):

Y= arg min Qn () + My Z’Yil, An = 0. (38)
YY5,120,3°80 ) =1V 4.l
where Ay, > 0. The objective function is strictly convex if K > p, or A}, > 0.
It may be challenging to estimate 4 using the above formulation of the problem. Every
evaluation of the objective function would require evaluating the w-integrals. Further, it may

be inconvenient to optimize over the matrix ~.
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However, the following proposition shows that 4 may be obtained by solving a quadratic
problem that only requires evaluating the integrals once. We introduce some notation first.
Define © = diag{0!,1!,..., (K — 1)!}. Let My x be a K x p, matrix with (k, j)th element
given by [v*"'¥(d(v — vj,,))dv. Define the matrices H and C' as

H = ((M\/I/KQM\I/K) ® Ip:c+1) ; (39)
(€)= [ bty @2 () @)r(an)

Note that C' is positive definite by definition of 7 and since Bernstein polynomial of order p,
form a system of (p, + 1) linearly independent functions. Correspondingly, let C/? be the
(unique) positive definite matrix such that C = C/2C'/2. Let C~/2 = (C'/?)~!. Next, define
W = (vec(I,,) ® I, 1) C~* (vec(I,,) ® I,,11). Define V to be the p,(p, + 1) X p,(p: + 1)
matrix with the (, j) element given by (V')i; = [S°0" ) Wy (put1)(k=1)+ip0 (p-+1)(k—1)45) - Finally,
let h be the p,(p, + 1)-vector h with ((p, + 1)(j — 1) + 4)th element given by

K+1 pz

(B)gosnG-nei = Y > (C7V7), (QM¢,K)k+1,J~/ﬂk(w)bl,pz(ﬁf)ﬂ(dm)a (40)

k=0 [=0

where j=1,..., K andi=1,...,p,.
Proposition 1. Let 4 be as in eq. (23). Then

Y= (I, ®g') (vec(Iy,) @ I, 1) C7'12,
where

g =argming' (H + )\ V)g — 2h'g (41)
g

subject to (1% @ I, +1) g = CY*, 1 and (I, ® C~/%)g > 0.

As proposition 1 shows, the problem of finding 4 may be reduced to the quadratic program
(41). Solving (41) requires evaluating the m-integrals only once, to construct H and h. Note
that the new Hessian is positive definite if Ay, > 0 or K — 1 > p, (as implied by lemma H.1).
The proof of proposition 1 may be found in section Eof the Proof Appendix.
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Appendix II: Proofs of the Results in the
Main Text

C Identification

C.1 Proof of Lemma 2.1

Assumption C.1 (Regularity assumptions for identification). (i) X x A is equipped with
the product Borel o-algebra. (ii) supa’z‘ﬁg)m(:r,a)‘ < oo where O'm is the Ith derivative
of m(x,a) with respect to x for [ = 0,1,2. (iir) m(z,a) is well-defined for every x €
supp(X;1) Usupp(Xi2). (iv) oY m(z,a) < oo is a measurable function of a for every x for
1 =0,1,2 . Further, 9,m(x,a) is a continuous function of a with respect to the topology of A

for every x.

Proof of lemma 2.1. We first consider identification of v+ (z) and v, (2) for @ € [xy —€, T+
€]. Observe that under assumption C.1 v,,.(x) is well-defined for all positive integers k. Let
B,y = {Xi =z, X;s = x}. We proceed by (finite) induction on k. First, let £ = 1. Then
by assumption 2.1 E[u;|X;1 = 2] = 0. Further, then E[Y;1|B,o] = vm(z). Now suppose
that the identification result holds for /th moments, [ = 1,...,k — 1, and consider the kth

moments. Consider the kth moment of ¥;; conditional on B, .

k
E[Y}|B.o] = E [(m(z, a;) + ui1)*| By o] Z < ) Yt (). (42)
1=
where the second equality follows by the conditional independence of «; and u;; (assumption
2.1). All terms in eq. (42) except v,,x(z) nd v, (z) are identified by the inductive assumption,
as they are moments of order < k.

Now consider the expected value of Y;’f’lYQQ conditional on B, :

k—1

k—1 _1)—
E [V} 'Yis|Ba o) = Z( ) [ , agyugy Y l’Bx,o}
1

=0
k

Z(k ) [ (z, @)uly ™ | By

=0

= ’;_1) Vit ()01 () (43)

=1

+

where equality follows as «;, u;1, and ;s are independent and v, (z) = 0 by assumption 2.1.
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Now subtract eq. (43) from eq. (42) to obtain

k-1
E [}/;’1671<}/; — Yi2)|Bao] = vy () + ZZI KI;) — (I;_ f)} Uy (a:)uu;ffz(x)
Observe that the left hand side is Ty (yryl)(x, x), which is identified under assumption 2.3.
All the moments in the sum are of order < k and thus identified by the inductive assumption.
Rearranging, we obtain eq. (8). Similar logic applies to Vo (x).

To obtain eq. (10), we write eq. (42) as v () = rye(2, ¥) — Z;:ll Upnl (x)yu;ffz(x) — V().
Substituting (8) and combining terms, we get eq. (10). We conclude that all kth moments
are identified and writable in the required form, finishing the inductive step.

Last, eq. (11) follows from eq. (5). Observe that v, ,x(z,h) = Z§:0 (’;) ] (x —
h)Vu;cfj (x+h). By part 2 of the lemma, each Vi (x) term is identified for all x € [x;,—€, T, +e].
As |h| < €, identification follows. O

C.2 Proof of Theorem 2.2

Before proving theorem 2.2, we prove a number of intermediate technical results. The
following lemma shows that the point & = Z(q;) of eq. (3) in the main text can be chosen

measurably.

Lemma C.1. Let assumptions 2.1-2.3 and C.1 hold. Let € be as in assumption 2.3 and let h
satisfy |h| € [0,€). Then
(1) There exists a measurable function A\p(a) : A — [—1,1] such that for all a € A

m(x + h,a) —m(x — h,a)
2h

=m'(x + M(a)h,a).

(2) Let k be a fixed natural number. Let A\p(a) be a measurable function of a such that
An(a) € [-1,1] for all a € A. Then there exists a measurable function kj(a) : A — [0, 1]
such that for all a € A

[0,m(xo + A (a)h, a)]" — [Bym(zo, a)]®
= Rk (a)dPm(zo + kn(a)Mn(a)h, a) [Dym(zo + kn(a) ()b, a)] "

The proof of similar to that of lemma A.1.1 in Brownlees and Morozov (2022).

Proof. Fix h and x € I and define the function f(a,y): A x [-1,1] — R as

fla,y) = m(x + h,a) — m(x — h,a) — 2hd,m(z + yh, a)
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We first discuss some properties of f(a,y). First, f(a,y) is well-defined. This holds as
m(z + yh, a) is well-defined for any y € [—1, 1] by the fact that x + yh € [z — €, 2y + €] and
by definition of € and assumption C.1. Second, f(a,y) is measurable in a for any y € [—1, 1]
by assumption C.1. Third, f(a,y) is continuous in y on [—1, 1] under assumption C.1.

Define the correspondence ¢(a) : A — [—1,1] as

pla) ={y € [-1,1]: f(a,y) = 0}.

First, ¢(a) is a measurable correspondence as g(a,y) satisfies the assumptions of corollary
18.8 in Aliprantis and Border (2006). Second, ¢(a) is non-empty for every value of a by the
mean value and the intermediate value theorems. Third, ¢(a) is closed for every value a
since 9,m(-, a) is is continuous by assumption C.1. Then by the Kuratowski-Ryll-Nardzewski
measurable selection theorem (theorem 18.3 in Aliprantis and Border (2006)) ¢(a) admits a
measurable selector, which we label A\,(a). By construction, A\, (a) satisfies the requirement
of the lemma.

The second assertion of the lemma is proved analogously. O]

Recall the notation B,_p o, = {Xi1 = © — h, X;2 = v + h}. The following lemma shows
that E | (0,m(Z,a))" ]Bx,h,gh] converges to p(x). This establishes the first condition for

identification outlined under eq. (4).

Lemma C.2. Let assumption 2.1-2.3 and C.1 hold. Suppose that \,(a) is a measurable
function of a such that \y(a) € [—1,1] for all a € A for each h such that |h| < €. Let k be a
natural number. Then as h — 0 it holds that

E [(axm<x + Ah(ai)ha ai))k|Xi1 =v—h,Xp=a+ h} - ,uk(x)a (44)
where both conditional expectations are well-defined.

Proof. By lemma C.1, there exists a measurable function xp(a) : A — [0, 1] such that for all
acA

[B,m(z + Mn(a)h, a)]” — [;m(z, a)]” (45)
= hAn(a)k&*m(z + kp(a)An(a)h, a) [um(z + ku(a) n(a)h, a)]" " .

Observe that both sides are bounded and measurable as functions of a by assumption C.1
and measurability of A\, and xj,.

Recall that F, x—z(-) denotes the law of o given {X;; = x1, Xj» = x5}, which is well-
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defined by assumption 2.2. Using eq. (45), we consider the expectation in question:
E [(0om(z 4+ Mn(ci), 00))*| Xin = 2 — h, Xip =z + h]
_ / (D@ + Mn(@)h, @) Foix—(o—nany(da)
~ [ @.m(z.@) Fupx—tomsasny(do)
+ hk / Mn(@)0m (@ + (@) n(@)h, @) (Qam(e + (@) An(a)h, )" Fox=-na-n (da)
=(I)+ ({I).

Consider the terms (1) and (I1) separately. Examine (I). (d,m(z,a))* is a bounded

continuous function of a by assumption C.1. Hence, by assumption 2.2 it holds that
[(0:m (2, ) Foyx—(@-huiny(da) = [(O;m(x,a))fFox—(sm(da) = px(z). Consider (I1):

hk‘/ M (@)O?m (x4 kn(a) M (a)h, @) (Bem(x + kn(a)dn(a)h, a))" Foix, x.(dalz, x + h)

< hksup|9?m(y, a)| sup|d,m(y, a)|* "
a7y a?y

— 0,

where the last line follows by assumption C.1 and A — 0. Hence (/1) — 0. Combining the

above arguments, we obtain eq. (44). O

Proof of theorem 2.2. Fix x € I. Let |h| < e. By lemma C.1, there exists a measurable
function A(a) : A — [—1,1] such that for all @ € A it holds that (2h)~'(m(z + h, ;) —
m(x —h,o;)) = Ozm(z + Ap(i)h, ;). Raising both sides to the kth power and taking
expectations conditional on B,_pon = {Xi1 = x — h, X2 = v + h} we get that

Ap(w,h) =E | (@em(z + An()h, o))"

Bmfh,2h (46>

which is well-defined by assumption 2.2. By lemma 2.1 A(z, h) is identified for all z € [ and h
such that || € (0,¢). By lemma C.2, it holds that E[(8,m(z + A (@)h, @) | By_pan] — ()
as h — 0. Together with eq. (46), this fact implies that limj,_,o Ag(z, h) = px(z). Since the

expression under the limit is identified for every h, so is the limit as h — 0. ]

C.3 Proof of Theorem 2.3

Proof of theorem 2.3. By assumption C.1, d,m(z,«) is a bounded random variable. Its

conditional moment generating function converges for all values of its argument. Since
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all moments of d,m(zo, ;) are identified, so is the mgf, as E [exp(t0,m(xo, ;)| Bz 0] =
S o (k) "M * g (). Since the mgf uniquely determines the distribution, the distribution of

O.m(z, «) for stayers is also identified. ]

D Proof of Theorem 3.1

Recall that B,_pon = {Xi =2 — h, Xja =z + h}. Let I and € be as in assumption 2.3. Let
Dy, be defined as in eq. (12) in the main text:

Dy(xz,h) =E[(m(z + h,a;) — m(z — h, ;))?| By—n.2n) (47)

Note that Dy, is well-defined if assumption C.1 holds and if sup,.; ]E[\uit]k|Xit = z] < 0.
We begin by stating some technical smoothness assumptions and three lemmas that

establish that Dy, is indeed differentiable k times under the assumptions of theorem 3.1.

D.1 Technical Assumptions

In order to prove theorem 3.1 and obtain asymptotic properties of our estimators, we impose
a number of regularity assumptions on the components of model (2). There are three
principal assumptions. First, we assume u;; and (X, X;2) are distributed continuously with
differentiable densities. Second, we require that the conditional laws of u; and «; given
X, = x are sufficiently smooth in the conditioning argument and that m(z,a) is smooth in z
for all a € A. Third, we assume that all the derivatives involved are globally bounded.
Throughout, let 7 be an integer. 7 is taken to satisfy 7 > k in theorem 3.1 and 7 > g + 2

in theorems 4.1 and 4.2.

Assumption D.1. Assumption C.1 holds. For each a € A the function m(z,a) is T times

continuously differentiable in x. Further, sup, ,|0im(z,a)| < oo, I < 7.

Assumption D.2 (Smoothness for X). X; = (X1, Xin) is continuously distributed on X
with density fx. fx is bounded uniformly on X. fx is continuously differentiable T times

with bounded derivatives.

Assumption D.3 (Smoothness for u). Fort = 1,2, conditional on Xy = x, uy is continu-
ously distributed with density fu,|x,=-(v). The density fu, x,=.(v) is T times continuously differ-
entiable in both the conditioning argument x and the argument v. All derivatives of fu, x,—(v)
up to order T are uniformly bounded over x andv. Further, let ag’ondfut‘xt:l,(v) be the jth partial
derivative with respect to the conditioning argument x. Then f]ut\j supm}aimdfu”XFI‘ < 00
forl g <.
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Assumption D.4 (Smoothness for «). Conditional on X; = x, the distribution of o is
absolutely continuous with respect to some measure m, (common for all ) with density fo|x—z-
Ja|x=a 18 continuously differentiable T times in the conditional argument x. Furthermore,
[ ||supg VE faix—=z(a)|| ma(da) < 0o and sup,,, ||VE fax—e(a)|| < oo fork=1,....7

We remark that assumption D.4 strengthens the continuity property of assumption 2.2.

D.2 Supporting Lemmas

Under our assumptions, the density of the observed data (Yj1, Yia, X;1, Xio) satisfies a number
of regularity properties. Let Y; = (Yj1, Vi), X = (X1, Xi2), & = (21, x2).

Lemma D.1. 2.1-2.5, C.1, D.1-D.} hold. Then
(1) Y; is continuously distributed given X; = x for any x € X.
(2) The joint pdf fy x(y,x) of (Y;, X;) is differentiable T times in & with all partial deriva-

tives up to order q bounded uniformly over y and x.

Proof. By eq. (2), (Yit, Xit) = (m(Xit, i) + wie, Xip). Let w; = (uin,ui2) and m( Xy, o) =
(m( X, a;), m(Xio, ;) so that Y; = m(X;, o) + u;.

Under assumption D.3, u; is continuously distributed conditional on X; = @ for any value
@, and thus Y; is also continuously distributed conditional on X; = & (regardless of the law
of ).

We now turn to the second assertion. By assumption 2.1, m(X;, o;) and u; are independent

conditional on X;. By a standard argument, we obtain that

frix==(y) = / fulx=2(y — m(x,a)) fo)x=a(a)ma(da), (48)

where f,x—z is the conditional density of a; given X; = x with respect to some domi-
nating measure 7, (assumption D.4). We assert that under assumptions 2.1-2.3, D.1-D .4,

fy|x=z(y|x) is 7 times differentiable in & and for £ < 7
Vl;fY|X::c(y) = /vl;: [fu|X:z(y - m(m, a))fa\X:w(a)} Wa(da>a (49)

supHV fyix==(y, z)| < oo, (50)

where, throughout, V¥ f(x) stands for a suitable vector of all kth order partial derivatives
and HV’“ f(x H is the 2-norm of this vector. The ordering of partial derivatives inside the

vector is irrelevant.
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Consider k = 1. Differentiate the expression under the integral in eq. (48) with respect

to x1:

[am (fu|X=w(y - m(x, a)))} fa|X=w(a) + fUIX=w(y —m(zx,a)) [8:c1fa|X=w(a)] . (51)

By assumption 2.1, fux=z(®) = fu,|x =21 (U1) fus|xo=a2 (t2). Let the operator Oconq be defined
as in assumption D.3. Analogously, let Ourg fu,|x,=2(v) be the partial derivative of f,|x,=.(v)

with respect to the main argument v. Then
aacl (fu|X:a:(y - m(a:, a))) = fu2|X2:z2 <y2 - m<x27 CL)) aconclfu1|X1::v1 (yl - m(a:l, a))
- aargfu1\X1:x1 (yl - m(ml, a))ascm(xh CL)] .

Under assumptions D.1 and D.3, 0y, fujx=«(y — m(x,a)) and fyx=»(u) are both bounded
uniformly over (x,vy,a,u) by some finite constant C,. The expression in eq. (51) can be

bounded by C,(sup,, fajx—x(a) + sup, || Ve fajx—z(a)||). By assumption D.4

. [ (sgp fuixala) + s Hva:faxzm(a)H) a(da) < oo.

The same logic applies to the derivative with respect to x5. This argument establishes
differentiability of fy|x—, with respect to & and justifies interchanging the integral and the
derivative in eq. (49) for k = 1. Further, again using an upper bound for the expression in

eq. (51), we obtain eq. (50) for k =1 as

sup
m7y

< / S [V (e y = m(@,0) fopxo(a)] | )

/ Vo [fulxoa(y — (@, 0)) fayx—a(0)] ma(da)

<2, | (sgp fuxala) + sup \\vxfa|xzw<a>\\) ro(da) < oo.

To extend the result to the kth derivatives (k < 7), we note that 02 0577 fo, x—o(y —

m(x, a)) fox—=(a) can be written as a sum of terms of the form [92 9! fux(y —m(x,a))] x
[07-POF 77! fo x—a(a)]. Proceeding as above and using assumptions 2.1, D.1, D.3, and D.4,
we obtain egs. (49) and (50) for all £ < 7. Finally, since fy x = fy|xfx and fx is 7
times continuously differentiable with bounded derivatives by assumption D.2, the second

conclusion of the lemma follows. O

Let k be fixed. Define the finite class G, of functions of (yi,y2) as

Gr={(—v) vl (v —v2) 8 (e —vi) ¥l Ty, j € 1,2, k). (52)
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Gy is the class of functions g used in estimation of g (z).
Let J be as in assumption 2.3 and & = (x1,23). For g, € G and « € J, let r (x) be
defined as in eq. (6).

Lemma D.2. Let k < oo be fizred and let Gy be defined as in eq. (52). Let g € Gy and let
rq(x) be defined as in eq. (6). Let assumptions 2.1-2.3, C.1, D.1-D.j hold. Then r,(x) is T

times differentiable in x with all partial derivatives up to order T bounded.

Proof. We prove the assertion for g(yi,y2) = (yo — y1)P,p < k, the proof for the other g € Gy

is analogous. Under assumption 2.1, oy, u;; and u;s are independent, and so

@) = B[V - Y X =l = 3 (*) B [0nfan ) = mGon,aV X =a]  (53)

j=0
(P -

X Elul, | X = 21 E[uby 77! X0 =
[;( I ) [y | X = 2] Elugy 7| Xip = 9]

We proceed as in the proof of lemma D.1. We show that both kinds of moments that appear in
eq. (53) are differentiable 7 times with bounded derivatives. First consider the differentiability
of E [(m(z2, ) — m(z1, )| X; = @] = [(m(z2,a) — m(21,a)) fajx=x(a)ma(da). The first

derivative of the expression under the integral with respect to z; is given by
—j(m(wa, a) —m(z1,0)) " (Op,m(21, @) fa) x=a(a) + (M(x2,0) = m(21, ) (O, fa1x=a())-

By assumption D.1, there exists some constant C,, < oo such that the above display

can be bounded by Ci, [sup, fajx—z(a) + sup, || fajx=z(a)||]. By D.4, [[sup, fax—sz(a) +
SUpy, || fajx==(a)|[]7a(da) < co. We conclude that the integral and the derivative may be

interchanged as
00, B [(m(r, ) — m(r1,00)) |1 X; = @] = [ 0, [(m(2,0) = m(i1,0)) ()] ma(da).
Furthermore, the above partial derivative is bounded over x as

sgp O, }E [(m(z2, ;) — m(z1, 00)) | X; = @] |

< /sgp‘@xl [(m(z2,a) — m(z1,0)) fojx=a(a)] ‘Wa(da)

<C,, /[sgp fajx=a(a) + sgp Hfa‘X:w(a)H]wa(da) < 00.

The same argument applies to the derivative with respect to xo, showing that E[(m(xs, o) —

m(zy1, ;)| X; = x] is differentiable with bounded first derivatives. Logic similar to that of
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the proof of lemma D.1 extends this to higher-order derivatives up to order 7. The same
argument applies for all j =0,...,p.

Second, we turn to E [u}, | Xi1 = #1] = [u' fu,|x,=a, (u)du and proceed similarly. Derivative
of the expression under the integral is given by 4'0.onq Jur|x1=2, (1) for Oona as in assumption
D.3. By assumption D.3, [|ul' sup,, |Ocond fur|x, =2, (0)|du < 00, as | < 7. As above, we obtain
that 0., E [ull|X1 = :L‘l] = full(acondfmxlzml(u))du and Supm|6xl E [ull|X1 = 91;1} < 00 The

same logic applies to higher-order derivatives and to the moments of us.

Combining the above arguments together, we conclude that r4(x) is 7 times differentiable

with all partial derivatives up to order 7 are bounded over x. O]

Lemma D.3. Let the assumptions of theorem 5.1 hold. Then v(x £ h), V(2 £ h),
Viug—ur)r (2, R), and Dy(x, h) are T times differentiable in h for all h € (—¢,€) for allx € I
forp=20,1,..., k with all derivatives uniformly bounded over x € I and h € (—e¢,e).

Proof of lemma D.3. Consider first v,r(x — h) and vy (x — h). We establish the result by
finite induction on p. The result is immediate for p = 0. Consider p = 1. Then v, (z —h) = 0,
which is & times differentiable with respect to h. By lemma 2.1 v,,1(z — h) = ry,(z — h,z — h).
Then differentiability and boundedness of derivatives follow directly from lemma D.2. Now
suppose that the conclusion of the lemma holds for moments of order up to p — 1 and consider
and

the pth moments. Eq. (8) of lemma 2.1 expresses v,» as a smooth function of r 1

yi  (y1—y2)
lower-order moments of u;; and m. Using the inductive assumption, we conclude that v, is
7 times differentiable. Let [ € {0,1,...,7}. The Ith derivative of v,»(z — h) with respect to

h is given by

82%117 (x —h)= 8flryf_1(yl_y2)(x —h,z —h)
p—1 l
- , , Umi(x —h)) (O v p—i(x — D)) | .
jﬂ(j [Z( (=) (A wgs(e — )

From lemma D.2 and the inductive assumption it immediately follows that

sup |8fbl/u€(9c — h)| < oo.
z€I,he(—e,e)

A similar argument establishes the conclusions for moments of u;; and m.

The result for vy,—y, ) (2, h) follows from eq. (7) and from the corresponding results for
the moments of u;; and wu;s.

Finally, consider D,(x, h). We proceed by finite induction on p, as above. First, consider
p=1. Then

Di(z,h) =1y (@ —h,x +h).
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By lemma D.2 the conclusion of the lemma then holds for D;. Now suppose that the
result holds for D; for all j < p—1. Eq. (14) expresses D,(x,h) as a smooth function
of ryy—yy(x — h,x 4+ h), Dj(x,h) and v,y p-i(z,h) for j = 0,...,p — 1. Thus, D, is
differentiable 7 times. Now let [ € {0,1,...,7}. The [th derivative of D,(x, h) with respect
to h is given by

O Dy(w,h) = 47 (yp—yiyr(x — by + h)

-5 () |5 (1) @010 0 st

l
- 1
=0

We conclude that by the inductive assumption, the corresponding result for derivatives of

y y(z,h), and lemma D.2 that supxel’he(_e,e)‘ﬁéDp(m, h)| < 0. O

(u2—u1

D.3 Proof of Theorem 3.1

Proof of theorem 3.1. First, identification of Dy (x, h) follows immediately from eq. (14) and
from lemma 2.1. Second, lemma D.3 establishes differentiability of Dy(z, h).

We now turn to the third assertion of the theorem. Recall that B, pon = {Xi =
x — h,X;s = x + h}. By the mean value theorem and lemma C.1, there exists some
measurable & = Z(h, ;) € [v — h,z + h| such that

Di(z,h) =E [(m(x + h, ;) — m(z — h, al-))k\Bx,hgh]
= (20)"E |(m (#(h 1), @))" [ Bo-nan]

We can then represent Dy as

Dyl h) = (2h) () + (20)F [E [(m(E(h, 00), 00) M| Booron] — pel@)] . (54)

=:0(h)

By lemma D.3 Dy(x, h) is differentiable k& times in A for h around 0. §(h) is the difference of
two k times differentiable functions. We conclude that 6(h) is also k times differentiable with
a continuous kth derivative for h around 0.

We now show that the §*)(0) = 0. Consider the kth central difference of 6(h) around
h = 0:

S ()0 (5 —4) h)




Consider each term under the sum separately. As in the proof of theorem 2.2, it holds for

each j € {0,1,...,k} as h — 0 that

(2 (+((5-9) o) =)

Further, as h — 0, the kth central difference approximates **)(0). We conclude that
9% (0) = 0.

Now we differentiate eq. (54) k times with respect to h and evaluate at h = 0 to obtain

. Bz—(é—j)hﬂ(é—j)h] ~ k() = 0.

Ok Di(a, h) = 2 (kD) (o).

Eq. (13) follows immediately. O

E Proof of Proposition 1
Proof of proposition 1. Define the vector b(z) of Bernstein polynomials of order p,:

b(z) = (bop. (), ... s Op, e (x))/

The objective function Q(’y) may be represented as

Qr) = [ (o) = Mascyb(@)] @ fie(z) ~ Mo yb(e)] w(da)
_ / [b(2)'y' M} 1My scvb(z) — 2fise (1)2My vb(x)] 7(dz) + ¢, (55)

where the vector fix(x) is defined in eq. (37) and the ¢ term does not depend on I'.
We first show that

Q(v) =g'Hg —2h'y +c. (56)

We consider the quadratic and the linear terms in eq. (55) separately. Define the p,(p, + 1)-

vector g as
g = vec(C'?~") (57)

and note that « can be obtained from g as
v =, @g') (vec(,) ® I, 41) C712 (58)

First we tackle the quadratic term. Let A = My, ,xQMy rc, D = ~'A~. Let d;; be the
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(¢, 7)th element of D; ¢;; be the (¢, j)th element of C. Then

[s@Deenn) = 303 dy [t g ) = Y3 dyes (59

i=1 i=1 i=1 1=1

We further expand d;; as follows. Let «; be the jth column of 4/, that is, v = (v1,. .., ¥p.)-
Also, let a;; be the (i, j)th element of A. Then v' A~y = >7", >, aw v}, and so

Pv  Pv
dl] — Z Zakl')/l,i—lf)/k,j—b Z’j — 1, 2 N ,px + 1

=1 1=1

Then
pz+1pz+1 pz-‘rlpz-i-l Pv Pv Pov px+1pz+1
E g dijcij = g g g Qi Yi—1Vk j—1 g gy E g V,i—1Vk,j—1Cij
=1 i=1 =1 =1 \k=1 =1 h=1 I=1  i=1 i—1

= Z Z a Y, Cvi = Z Z ap Y = vee(') (A ® I, 41) vec(¥') (60)

k=1 I=1 k=1 1=1

where 4, = C'/?~,, and 4 = vC'/2.
From egs. (39), (57), (59), and (60) it now follows that

/ [b(x)'y' M} QM xvb(x)] 7(dx) = g'Hg. (61)
Similar analysis applies to the linear term in eq. (55). It holds that
/ b () My o Qg () (d) = / vee (b (2)T M} Qg () 7(de)
_ / vee (b (2)C 25/ M}y 1 Qi (x)) w(dx)
— { / ((fox(2) @My i) @ (b'(z)C %)) 7(dx) | vec(7'(62)

The (p, +1)(j — 1) +ith element (j =1,...,p,, i =1,...,p, + 1) of the leading matrix takes

form
K—-1 p:

SOS(C s (M), / Fi ()b () (d).

k=0 (=0
It follows from eqs. (40), (57), (62) that

[ ¥ M, (o)) = g (63)

Eq. (56) now follows from eqs. (55), (61), and (63).
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Now consider the constraints of the problem (38). We restate the constraints on -~ in
terms of equivalent constraints on g.

First we focus on equality constraints. Each column of « need to sum to 1. To represent
this constraint in matrix form, let ¢, be a k-dimensional vector of all ones. Then the original

constraint is equivalent to
U Y = Tpot1
Postmultiply by C''/? and transpose to obtain 42y = C/ %15,+1. Vectorizing this, we obtain

the new constraint in terms of g

(1, ® I, 41) vee(I") = vec(C*,, 1) = (I @C'?) vec(ty,+1) = C %y, 14

Note that vec(C'?1,,41) = (I; ®CY?) vec(,,41) = C*?1,,41. Then by eq. (57) the equality
requirement on - imply that

(15, © Ip,11) g = vee(C 20, 10) = Py, 4 (64)

p

Proceeding in reverse order, we obtain that the above constraint on g implies the corresponding
equality constraints on ~.

Now consider the inequality constraints on «. Each 7, ; is required to be non-negative.
As above, let «; be the kth column of 4/. The non-negativity requirement can be written as
the vector inequality 0 < -y, where the inequality applies pointwise. Observe that «, may be

—-1/2

represented as v, = C~Y2CY %y, = C~1/24,, yielding equivalent inequalities

0<C V2%, k=1,...,p,.

Stacking these inequalities on top of each other across k, we obtain the following non-negativity

constraints
0 < (I ® C~Y?) vec(I) (65)

By eq. (57), the above is identical to
0< (I C)g

Finally, to handle the penalty, note that

Pv Pz

DD i =tr(v). (66)

j=1 1=0
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Using eq. (58), we obtain that

tr(yy') = tr ((Ipv ®g') (vec(I,,) @ Ip,11) c! (VeC<Ipu>/ @ I, 1) (I, ® g)) (67)
=tr (W(I,, ® g)(1,, ® g)) =tr (W(I,, ® ag’))

where W = (vec(I,,) ® I, +1) C~* (vec(I,,) ® I, 11). To evaluate the above trace, let
Z =1, ®(gg). Fixl € {1,2,...,p2(p.+1)}. Let k and i be such that | = p,(p,+1)(k—1)+1i
for 1 <1 <py(p:+1),k=1,...,p,. The (I,1)th element of W Z is given by

P (Pat1) po(pz+1)k Pv(pet1)
Z Wyjzj1 = Z Wijzj1 = Z Wi,py (pe+1)(k—1)+5959i
J=pv(pz+1)(k—1)+1 j=1
Po(Pa+t1)
Z Wpy (pz+1) (k=1)+i,po (pz+1) (k—1)+j 95 Ji
j=1

Thus,

Po(Pz+1) po(pz+1)

T(W2Z)= > > Wt )k rimuat 11590

i=1 j=1
Pv(Pz+1) po(ps+1)

== Z Z g]g’b prv Perl k 1)+va(pz+1)(k 1)+] (68)

Define V' be the p,(p, + 1) X p,(p, + 1) matrix with the (i, ) element given by (V');; =
[ Wy (p+1)(h—1)+ip0 (pat 1) (h—1)+7 | - We conclude by egs. (66), (67), and (68) that

Pv Pz
YD vi=dVe (69)
j=1 1=0

The assertion of the proposition now follows from eqs. (57), (58), (56), and (69), and the
discussion related to egs. (64) and (65). O

F  Proof of Theorem 4.1

Proof of theorem j.1. For clarity, we break the proof down into 5 steps:

(I) We first introduce a convenient parametrization for conditional moments of (Y;1, Yio)
given (X;1, X;2) that matches the approach to implementation proposed in the Sup-
plementary Appendix.

(IT) We obtain convergence rates for the estimators of conditional moments of (Y1, Y;s)

given (X1, Xj2) and of their derivatives.
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(III) We transfer these first-step convergence rates to the estimators of Vyks Vi and of
their derivatives.
(IV) The rates for v, are used to obtain the convergence rates of estimators of (u,—u,)r
and of its derivatives.
(V) Finally, the second and the fourth steps are leveraged to obtain convergence rates for
the estimators of D, and their derivatives. From these rates we deduce the convergence
rate of [ix.
We begin by introducing a convenient parametrization for the conditional expectations
of function of Y given X, mirroring the approach to implementation described in in the
Supplementary Appendix.
(1) Define the variables Wi(lA) = (X2 + X;1)/2 and VVZ-(QA) = (Xj2 — Xi1)/2. Let the class Gy
be defined as in eq. (52). For any function g(y1,y2) € Gx let

7

RE]A) (wb w?) =K |:g(Y;17 K2))VVZ(1A) = W1y, W(QA) = w2:| .

Observe that By pop = {Xyn =2 — h,Xpe = o+ h} = {VVi(lA) = x,VVi(QA) = h}. Cor-
respondingly, it holds that r,(z — h,z + h) = RgA) (x,h), where 7, is defined in eq.
(6). Tt follows that d.r,(x — h,x + h) with respect to h at h = 0 can be obtained as
0L, RS™ (w1, ws) at (wy,ws) = (x,0).

(2) Define VVi(l_) = (Xj2 — Xi1)/2 and VVZ(Q_) = — (X1 + Xi2)/2. For a function g(yi,yo) define

Ry (wiyws) = E |g(Vi, V)| W = w, W) = s

Then ry(z — b,z — h) = RS)(0, —2 + h). As above, it follows that d.ry(z — h,z — h) at
h =0 is equal to 8L2R§7)(w1,w2) at (wy,wy) = (0, —x).

(3) Define VVi(fr) = (X2 — X;1)/2 and Wi(;r) = (X + Xin)/2. For a function g(y1,y2) set

9

R(+)(w17w2) =K |:g<}/17 }/2>

W/i(fr) = wy, Wi(2+) - w2] '

Then ry(z 4+ h,x + h) = R{P(0,% + h), and so Ohry(x + h,x + h) at h = 0 is equal to
8&2R§+)(w1,w2) at (wy,we) = (0, ).

As the first building block for the rates of the moment estimators, we now consider the
estimators of the different R functions. Let 9. R (wy,wy) is the local polynomial LP(q)
estimator of RS (wq,ws); analogously for @lUQRé_)(wl, w,) and 9., RV (w1, ws). To obtain

the convergence rates for these estimators, we verify the conditions of theorem 6 of Masry
(1996a):
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e Consider condition (1a). First, the kernel automatically has 2¢ finite moments, as ¥, p has
bounded support under assumption 4.1. Second, fx () is bounded uniformly in & under
assumption D.2. Third, under assumption D.2 fx has bounded first derivatives, and thus
fx is automatically uniformly continuous.

e Condition (2b) follows immediately from (1a).

e Condition (3) holds by assumption 4.1 on the kernel ¥ p.

e Let g € Gy Condition (5d) holds, as by lemma D.2 all (¢ + 1)th derivatives of r,(x) are
bounded uniformly in .

e Fix g € Gy. By lemma D.2 all (¢ + 2)th derivatives of ry(x) exist and are uniformly
bounded over x. It then readily follows each (¢ + 1)th derivative of r,(x) is Lipschitz in «,
establishing condition (6).

e Condition (4b) is automatically implied by conditions (5d) and (6).

e We turn to condition (7). First consider condition (7a). Let ¢’ = d/k > 0 for § of the assump-
tions of the theorem. For any g € Gy it holds that sup,c; E [|g(Yi1, Yio) > X, = 2] < <.
We show this for g(y1,92) = (y2 —v1)?,j < k, the argument for other functions is analogous:

supE ||(Yiz = Yi) "1 X = @ (70)
o , 246
< sup 2YHI/F R U|Yi1|j + |Yia/ | X, = CU}
. . 2
< 92j+6j/k [2 sup|m(z, a)|2J+5j/k + ZSUPE [|uit|2j+5j/k|Xi = ;p}]
x,a =1 €T
< 00,

where the last inequality follows from the assumption D.1 and the assumption that
sup, E [Juy|*°| X; = @] < oo combined with the observation that 2j + 6;j/k < 2k + 4.
Conditions (7b)-(7c) follow from lemma D.1. Finally, (7d) holds as {Y;, X} is iid across i.

e In condition (8), take D equal to J for J of assumption 2.3. By assumption 2.3, fx(x) is
bounded away from 0 on J.

e Condition (4.5) on s holds under the assumptions of the theorem with ¢ = v = oo, as
{Y;, X,} is iid across i.

It follows from theorem 6 of Masry (1996a) that for any [ € {0,...,k} and any g € Gi

afvz REJA) (l’, O) - aiquéA)(% O)‘ = Oa-S-(dl,N)a

sup

xel
sup| AL, Ry (0, —z) — L, RE(0, =) = Oy (1),
xel

63



sup| L, Ry (0, 2) — 0L, RSV (0, 2)| = Ou.s.(d1,) (71)
xel
where
log(N
51:N = Ni(2+22 + 517

We now establish convergence rates for v, v+ and their derivatives. Note that v
and v,,» are differentiable at least k times by lemma D.3. First, we rewrite the expressions of

lemma 2.1 in terms of above notation for regression functions. If k =1

OV (x —R)|pmo =0, t=1,2,
O Vim(x £ h)|p—o = 0L, RSE) (0, +1). (72)
If £ = 2, we instead have
Oy (= 1) |n=o

=3 R\ (0, —2)

v (Wi
- Z ("7 [Z (1) @t — W) (- h>|h:o)] ,

=0, R (0, z)

w2ty (g —y)
k—1 l
k-1 l ) ,
-2 ( j ) [Z () (Ohrms -+ W)lco) (O wigmsle + h>'“>] |
=1 i=0

O Vi (£ ) o
=8 R, (0,+x)

- Z (f ) Z (1) @t ) (30,0 h>|h:o)] ,

where in the last line we take ¢ equal to 1 if the argument of v ) is ¢ — h, and ¢ = 2
t
otherwise.

Let W\—hﬂh:o be the estimator for 3,lluu;f(x — h)|n=o, formed as the sample analog

of the above equations (see algorithm 1). Likewise, let m be the estimator for
Ok Vi ( & h) | p=o.
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We assert that for each p = {0,...,k} it holds for all [ € {0, ..., k} that

sup Oy (= B)|n=o — vz (x = h)ln=o| = Ous. (On)

xe
sul? agyug (x 4+ h)|p=o0 — 8}11/“:2) (x + h)|h=o| = Ou.s. (d1.N) (73)
e

suII) Ok Vo (1 & h)| =0 — O Vo (2 £ 1) |n=o| = Ous. (1) -

xe

We prove the above assertion by finite induction on p. First, the results for p = 0, 1 follows
immediately from eqs. (71) and (72). Suppose that (73) holds for moments of order up to
p — 1. Then consider the pth moments. We only consider m explicitly, the
argument is completely analogous for the other estimators.

The estimation error can be bounded as

sug) v (z — h)|n=o — 8}11/1/1) (x — h)|h:0‘

zEe

< aunlar RO g RO _
- ilég) aq“U2Rylf_l(y1*y2)<07 I) aszyf_l(ylny)(O’ JI)

i p—1 L/l
t2 ( j ) (z) Sup
=1 =0

(m) (a;;iyu,f,j (z — h)|h:0>

— (O (2 — ) o) (a;;iuu,f,j(x - h)|h:0> . (74)
The term under the sum can further be upper bounded as
sup <m> (32—%?_]. (z — h)|h:0>
— (0}t (x — h)|imo) (a;;iyuf_j (z — h)|h:0>
< sup| 345 (& = W)lnco| sup| s (2 — )ico = B (2 = )l
+ leéll) m iléll) 82_%%,_]- (x — h)|p=o — aé_iyu;;_j (x — h)|h:0‘
= 0(1)Ou.s. (6in) + Oas.(1)Ouas. (B1-in) , (75)

where we use the inductive assumption and lemma D.3. Observe that 6; v = 0(d;+1,n)
under the assumptions of the theorem. We conclude that (73) holds for 9, v,z (z — h)|n=o by

combining together eqs. (71), (74), and (75). The argument is analogous for moments of uy
and m.
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Now we establish convergence rates of the estimator v(y, ., (z,h) for p € {0,1,...,k}.
First, note that the lth derivative of v/(y,_u,)» (2, h) with respect to h is given by

vt ape =3 (1) [Z (1) (Bhong o = 1) (o g4 )

j=0 i=0

The estimator (‘921/(”2_1“);) (x,0) replaces all population objects on the right hand side above
with their sample versions, in line with the algorithm 1. Correspondingly, the estimation

error error at h = 0 can be bounded as

sup
zel

P l I
S ()50
§=0 J i=0 1) zel

~ (B (@ = W)lizo ) (B vges (@ + W)l ‘ (76)

a;LV(UQ_UI)p (ZE, O) - a;LV(UQ_ul)p (I7 0)‘

(W\—hﬂhzo) (02”0@7]‘ (x+ h)|h:0)

Each term under the sums can be further bounded as

sup
zel

(e ) (T e )

_ <8,"Lyu{- (z — h)|h:0> (8,11_iuug—j(:v + h)|h:0> ‘

< sup| 9y, (v — h)|h=o|sup| O} v p-i (@ + B)|p=o — O) Vi (x + h)\hzo‘
zel ! zel 2 2
+ sup|9h v, p-i (x4 h)|n=o| sup|Oiv. s (x — h)|h=o — Opv,s (x — R)|n=o
zel 2 zel ! !

- O(l)Oa.s.(él—i,N) + Oa.s.(l)Oa.s.(ai,N)- (77)
It now follows from 6; y = 0(d;41,~) and egs. (73), (76), and (77) that

sup 8;LV(U2,ul)p (I, O) — 82V(U2,u1)p (ZE, 0) = Oa.s.((sl,N)- (78)

zel

Recall that Dy(z, h) = E [(m(zo + h, a;) — m(zo — h, ;))P|Byo—n.on) (see eq. (47)). Using

eq. (14) and the above notation, we can write the /th derivative of D, as

& Dy(x,h) =0, R™ . (x,h)

w2 “(y2—y1)P
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B j_: <ZJ?> [i ( ) 2, h)) (0 Viuy—uryr—i (x, h))

1=0

The estimator m replaces all population objects on the right hand side with their
sample versions (see algorithm 1).

We assert that for each p € {0,1,...,k} it holds for all [ € {0,1,...,k} that

sup
xzel

m — 33, Dy(x, 0)‘ = Ou.s.(01.n) (79)

The estimation error can be bounded as

sup|f, D, (.0) ~ 2},D,(z.0)
xre
< sup|d,, R R o(2,0) = 0L, REY (x,O)‘
5 ()% ()| @050) (T o)

- (a;LD] (.T, 0)) (aé_iy(uz—m)p*j (l‘, 0)) ‘ (8())

The term under the sums can be bounded from above as

SUI? <a;sz (@, O)) <ail;iy(u2—u1)p’j (z, O))
Te
- (8IZzDJ (SC, 0)) (all;iy(w—m)”*j (:L', O))
< SUD |0} V(ayurye-4 (2, 0)| sup| D5 (2, 0) — 94D (x,0)|
zel zel

+ sup‘@h (x 0)}

h V(Uz —uy)P—J (]3 O) a;z_i’/(m—m)p*j <I> 0)‘
= Oa.s.( )Oa.s‘<5i,N) + O( )Oa.s‘(élfi,N)- (81>

(79) now follows from eqgs. (71), (80), and (81).

Finally, by theorem 3.1 and by definition of fi;(x) we have that

p(w) = Qkk,ath(x 0),  fn(z) = 57508 Di(2,0).

2’“!{:'
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Then

Suplje(r) = ()] = g Sup O Dy(,0) — O Di(,0)| = Ops (G.),

zel 2kk'
establishing the result of the theorem. O]

G Proof of Theorem 4.2

G.1 Supporting Lemmas

In order to establish asymptotic normality of the moment estimator fix(x), we first establish
that the underlying local polynomial estimators of conditional moments of (Y1, Y;2) and their
derivatives are also asymptotically normally distributed. It is convenient to establish joint
asymptotic normality of all the LP(q) estimators involved.

We first introduce some notation. Let Gy be defined as in eq. (52). Let k and x be
as in theorem 4.2. Let the vector Vg, () stack all the GEQR_EJA)(%, 0), 852]%5,7)(0, —z), and

(9{22 R§+) (0, z) that appear in the proof of theorem 4.1. Let Vg, () be its population counterpart.
Formally, number the elements of Gy, as {g1,...,gg,|}. Let Vg, (x) be a 3|Gx|-vector with the

jth element given by m; the (|Gg| + j)th element given by 8{“02}%;;)(0, —x); and the
(2|Gk| + j)th element given by m. Similarly, let Vg, (z) be a 3|Gy|-vector with the
jth element given by QIZZRgf) (x,0); the (|Qk| + j)th element given by 9% jo ( —x); and
the (2|Gx| + j)th element given by 9% R{7(0, z)

Lemma G.1. Let the assumption of theorem /.2 hold. Let L < oo be a fized integer. Forl =
1,...,L let z € I. Then the vector v Ns*+2%[(Vg, (z1) — Vg, (21)), ..., (Vg (1) — Vg, (z1))]
converges weakly to a mean-zero normally distributed random vector. Further, if | # 7,
then VNs2¥2k(Vg, (1) — Vg, n(z))) and VNs22(Vg (x;) — Vi, (2;)) are asymptotically

independent.

Proof. We establish convergence by theorem 5 of Masry (1996b), whose conditions we now

briefly verify. The conditions overlap significantly with the conditions of theorem 6 of Masry

(1996a) used in the proof of theorem 4.1, and we refer to that proof for some additional

details.

e Conditions (1a) and (2a) follow from assumption 4.1 on the kernel ¥, p. Condition (1b)
follow from assumption D.2. Condition (1c) holds as {(Y;, X;)} is iid over i.

e Condition (2b) follows from lemma D.1. The moment condition of (2c¢) holds as in the
proof of theorem 4.1: for any g € Gy it holds that sup,e, E [|g(Yi1, Yi2)|*™ | X; = ] < o0,
where ¢’ = 0/k > 0 for the 0 of the theorem statement (see eq. (70) and the preceding

discussion).
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e Condition (3) holds by the assumptions of the theorem on s.

e Condition (4) holds by lemma D.1.

e The differentiability requirement on p. 83 for 7, holds as each r, is differentiable at least
(¢ + 2) times by lemma D.2.

Asymptotic normality now follows by theorem theorem 5 of Masry (1996b).” The requirement

that Ns?*** — 0 eliminates the bias and ensures that the limit distribution is centered at

zero. Independence holds by a standard argument (see e.g. p. 113 in Bierens (1987)). [

We now establish asymptotic normality of the components of the moment estimator. The
results are intuitive, as the . estimators are built up as differentiable transformations of
moments of Y.

Define V,, () as a (p + 1)-vector with jth element given by m. Let
Vi p(x) be a (p + 1)-vector with the jth element given by 8§Vu]1-_1(x — h)|p=o. Similarly,

define V,, ,(z) as a (p + 1)-vector with the jth element 6,ljuu32-71(x + h)|h=o and V,, ,(z) as
the (p + 1)-vector with the jth element 8,’fyu%_1 (x + h)|ph=o-

Lemma G.2. Let the assumptions of theorem 4.2 holds. Then v/ N s2+2k ((%hk(x)—‘/;hk(z))’,
(Vi () — Voo (2))') weakly converges to a mean zero normally distributed random vector.

Convergence is joint with the vector VNs2+2k(Vg (z) — Vg (x)) of lemma G.1.

Proof. It will be convenient to prove a slightly stronger assertion. First, let An(ﬁ,;)(x) be
a (p 4+ 1)-vector with the jth element given by m, and Vrg})(x) be its
population equivalent. Similarly, define ‘A/n(l,_p) (x) as the (p + 1)-vector with the jth element
m and Vn(l;) (z) as its population equivalent.® Then we assert that for every
p=0,1,...,k the vector VN2 ((V,, ,(x) = Vi, p(2)), Vayp(x) = Vi (@)Y, (Vi) (22) —
Vn(f;) (x)) ) weakly converges to a mean zero normally distributed random vector, jointly with
VNV, (2) — Vg, (o).

We show the assertion by finite induction on p. The assertion is trivial is for p = 0.
Consider p = 1. Then

VNSV, (1) = Vi a(2)) = VNSV, 1 (1) = Vi (2) =0,

"Theorem 5 of Masry (1996b) is stated for the case of estimating one conditional moment. However, it
extends immediately to establishing joint normality of a fixed finite collection of conditional moments by an
application of the Cramér-Wold device.

8Note that Ok vys (¥ — h)|p=o = (=1)*OF Ve (z + h)|n=0. We can then consider only vy,»(x + h) if Uy p is
a product kernel of the form ¥V p = \Ilf 4 Where ¥4 is a symmetric kernel, as the local polynomial estimators
of the derivatives will satisfy the same property as the population derivatives.
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and

0

VNSV, 1(2) = Vina () = oL, R (0, 0)
S22 (Vi (2) = Vina () \/W(aiuﬁéﬁz(o,x)—0&23532(07“’))

The assertion then follows immediately from lemma G.1.
Now suppose that the assertion is true up to p — 1. Consider p < k. Then consider the
last element of Vuhp, corresponding to the kth derivative of v,». As in the proof of theorem

4.1, the following representation holds:
V N g+2k (W — 821/@(37 — h)|h:0>
= v/ Ns2t2k (a{;zR;,l)l (0. =) - ok R\ (0, —a:))

(y1—y W (y1—v2)
p—1 k - -
S0 (4 e () (e )
J= =

— (O3 Vi (z = h)|n=o) (@'ffi%fﬁ (z — h)|h:0> )

— /N e2+2k &k ) q Ak pe) _
e (6w2Ryf1(y1yz)(0’ z) aWRy’f*l(yryz)(O’ x))
55 (e

=1 i—0

X (6,il/mj (. — Rh)|h=o — O} Vi (x — h)|h:0)

S () S () @i 1l

j=1 =0
X (82iyu113j (I‘ — h)’h:(} — 82*7;1/1#1,7]‘ (x - h)’h:0> . (82)

Consider the (j,7)th term in the first term with ¢ < k. By eq. (73) in the proof theorem 4.2

it satisfies

VN g2k <8fk£_iyu11’_j (x — h)|h:0> (m — Oy (7 — h)|h—o>

= VNS (0 v es (2 = D)o (m — Oy (1 — h>|h:0>
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+Wo< Lo ‘)+sq—<k—i>+l> o( bg(Nusq—m)

N g2+2(k—1 N g2+2i

N52+22

_ /N, ( g | )

log(N) —(k—i)+1 log(N) —it1
+ VNs* 260, . < Na2ra(ki) + s ET) O, NoZioi + 5070
= OaAs.(l)v

where the last equality holds by the assumption that Ns?** — 0 and s?log(N) — 0. We
conclude that all the terms in the first sum of eq. (82) with i < k are 0, (1). Analogously,
all the terms in the second sum of eq. (82) with ¢ > 0 are 0,5 (1).

In light of this, we can write
VN 5242k <m — vz — h)\h:0> + 0s (1) (83)
VR (R, 00 =06, (0
y _

“Hy—y2)

N i (p - 1) SN (Vuf*j (z — h)|h20) <m — O Vi (T — h)|h=o>

p—1
1 __
n Z (p . ) /N 242k (5 (2 — h)|j—o) (@'fi/uzf—j(x — h)|p=o — 8§Vu;1>—j (x — h)|h0> :

Similar representations hold for m and O vy (¢ £ h)|n=o.
We conclude that that v/ s2+2k(( (1) = Vi (), (Vi () = Vi ()Y, (Vr,(f;) (x) —
A%, (x))’) can be written as a smooth transformation of v/ N s2+2* (( w1 p—1(2) = Vi po1 (),

(Viap 1(2) = Va1 (2) (Vi1 () = ViE5) (2))') and VNSZ2(V, (@) — Vg (1)), plus an
0a.5.(1) component. The assertion then immediately follows by the delta method from the

inductive assumption. O

We now transfer the convergence results of lemma G.2 to estimates of the kth derivatives
of Viuy—uy)i (2, h).

Define V,,,_, () as a (k + 1)-vector with jth element given by m.
Let Viy—u, x(2) be a (p+ 1)-vector with the jth element given by OFv/(y,—u,)i-1 (, h)|n=o-

Lemma G.3. Let assumptions of theorem 4.2 hold. Then the vector v/ N32+2k(%2_ul7k(x) —
Vo —uy (T, h)) weakly converges to a mean-zero normally distributed random vector. Conver-

gence is joint with the vector VN s>t (Vg (z) — Vg, (x)) of lemma G.1.

71



Proof. Consider the (p + 1)st element of v/ N s2+2* < wr k() = Vg (2, h)>:
VN (O (2.0) = 0t (2,0))
p k
k 50 (2 (0 (xR
— (f) Z ( ) V N s2+2k [ <8,’Lyugl- (x — h)‘h=0> <aflf_ll/u§*j (= + h)’h=0)
0 =0

—(%mﬂx—hmpo(%4%gmx+mmﬂ)]

5 (p) i (’“) VNS (S (e )y

j= i=0

X (OF Vs (@ + B)lco = O vgs(w + 1)lico)

P - @
N @ (k) N <a;;—zyug_j (z+h) |h:0)
0 =0

E

7
% (R (& = M)laco = 0w,y (@ = W) o)

Consider the (7,4)th term in the second sum with ¢ < k. Exactly as in the proof of lemma
(.3 it holds that

VNS (9w ges (@ 4 W)laco ) (g (& = W)laco = vy (0 = W) o)
_ ek (a;;—z-yug_j@ n h)|h:0> (m — O — h)|h:0>

+ v N82+2k0a.s. ( log(N)z) + Sq_(k_i)—H) Oa.s. ( lOg(N) + Sq_i+1>

N g2+2(k N g2+2i

N82+21

+ v N32+2k0a,s. ( 10g(N> %) + Sq_(k_i)+1> Oa.s. ( log<N) + Sq_i+1>

N g2+2(k— N g2+2i

:¢ﬁaﬁaw< bﬁNhﬂrHQ

= 04.5.(1).

A similar result applies to the all the terms in the first sum with ¢ > 0. It follows that

VNS (e (2,0) = Otz (5, 0) ) + 005.(1) (34)
_pp,/2+zkz‘__ = _ k=i,

= i Ns vy (= h)lh=o ) (O "Vyp-i(x + h)ln=0 — O Vi (x + h)[n=0
7=0
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+ Z ( ) 2+2k (8’“ 7JV p J(I' + h>|h 0) <8Zhy/ujl<;_\_h)’h=0 - 821/”]1 (I B h)’h:())

The above expression shows that \/W( wa—ur o(2) = Vig—uy 1(2, h)) is a smooth trans-
formation of the vector \/W((V;lk(x) — Vi 1)), (Vi () — Vi, io())') of lemma G.2,
plus an o0, (1) component. The assertion of the lemma follows by the delta method and
lemma G.2. O

As the final building block, we now establish asymptotic normality of the estimator
OF Dy(x,0) of 9% Dy.(x,0), leveraging lemmas G.1 and G.3.

Lemma G.4. Let the assumptions of theorem 4.2 hold. Then \/NSQJF%(m —

OF Dy (, O)) converges weakly to a mean-zero normally distributed random variable.

Proof. We prove a slightly stronger result. Let VD,p(:E) be a p-vector with jth element given
by 0¥ D;(z,0). Similarly, let Vp ,(x) be a p-vector with jth element 97 D;(z,0). We claim
that v Ns2+2k (VD,p(:c) — VD,p(x)> weakly converges to a mean zero normally distributed

random vector for all p = 1,...,k, jointly with the vectors vV Ns2t2k(Vg (z) — Vg, (z)) of
lemma G.1 and v 52+2"5( wa—un o (2) = Vig—uy (2, b)) of lemma G.3.

The proof is by (finite) induction on p. The result is immediate for p = 1, as

(y2—y1)

V N s2t2k <VD,171€(ZL‘) — VDJ,k(l’)) =V Ng*t2k (R(A) (ZL‘, 0) - Rgz)fyl)(ma O)) :

The result then immediately follows from lemma G.1.
Now suppose that the result holds up to p — 1, p < k. The kth derivatives of D,(x,h)

can be represented as
V N g2+2k (8,’;3Dp(;1:, 0) — 0K D,(z, O))
_ 5 RO o) o
= VIS (08 R(0.0) ~ 96, R (00))

(y2—y1)?
p—1 k L - -
+ Z (f) Z (Z) v/ N s2+2k [ <8};Dj (x, O)) (8]’;?—iy(u2_ul)p7j (z, 0))
J=0 i=0
— (95 D;(2,0)) (A Wy yoms (x, 0)) ]
=V Ns2t2k (ak R(y2 "y (2,0) — ak R(y2 o (IB,O))

k
S (4) VA (G030 0)) (0F s (2:0) = 0 ¥ 0.0)

73



k

+ 2 (7;) 3 (f) VNS (O Wy - (2,0)) (35D (,0) = 83,05 (2,0) ).

1=0

Consider the (j,7)th term in first sum for ¢ > 0. Analogously to the proof of lemma G.2, we
obtain by eq. (78) that

V N 522k (W) (&Eiiy(uz—ul)p’j (x7 0) - alljiiy(w—ul)‘ﬁj (:IZ‘, 0))
= VNs?t2% (8] D;(x,0)) (8§_iy(u2_ul)p—j (2,0) = 0F " Viup—uy o (, O))

.. ([ oo (B o)

N g2+2(k—0) N g2+2i

N g2+2(k—i

_ 2+2k log(N) q—(k—i)+1
Ns O, ) + s

N g2+2(k—i) N g2+2i

+ VNs* 20, . ( _log(lV)_ - sq‘("f—”“) Oq.s. ( log (V) + sq—i“)

= 04.5.(1).

It then holds that

VNSTE (GFDy(w,0) = 04Dy(1,0)) + 04..(1) (85)
— V/Ns2t2k (anQjo;_yl),,(x, 0)—ak, R (x, 0))
”
#3 () (D3t ) VIS (Tt () = B 2:0)
7=0
p—1 o
# 3 (1) Gty o0.0) VI (D500~ 04D,
7=0

We conclude that the vector v Ns?+2F (VDvp(x) — Vb, (x)) is a smooth transformation of
VN2 (Vi o1(2) = Vppoi(2)), VN2 (Vg, (2) — Vg, (7)), and VN2V (V,,_y, i(2) —

Vis—ur (2, h)), plus an 044 (1) term. Asymptotic normality and jointness of convergence now

follows from the inductive assumption, lemmas G.1 and G.3, and the delta method. n
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G.2 Proof of Theorem 4.2

Proof of theorem 4.2. Lemma G.4 shows that v N s*+2F (W{x,@) — O Dy (, 0)) is asymp-

totically normally distributed. The result of the theorem follows as

VNSZ (i () — () VNS (FFDi(,0) = 5 Dy(x,0) ) . (6)

kgl
Asymptotic independence of V' Ns?+2% (i (z1) — pg(x1)) and vV Ns226 (fiy.(x9) — pux (o)) for

1 # xo follows from lemma G.1. O

Remark 9 (On Vji(x)). An expression for the asymptotic variance Vi(x) of fix(x) may
be obtained from eqs. (85) and (86). Note that all components in eq. (85) are jointly
asymptotically normal. Accordingly, Vi(z) is a sum of variances and covariances of the
estimator for kth derivatives of expectation of (Yo — Y;1)P, the estimators for kth derivatives
of Viuy—uyyp, p=2,...,k — 1, and the estimators for kth derivatives of D), p=1,... .k — 1.
There are (2k — 3)(2k — 2) such terms in Vj(x). Note that the variances and covariances for

intermediate estimators may be obtained using representations (83), (84), and (85).

Remark 10. A plug-in estimator of Vj(x) may be constructed using its characterization in
the proof of theorem 4.2, and inference may be done using the asymptotic normality result
of eq. (24). However, this approach has two disadvantages relative to the bootstrap. First,
estimators based on such an analytical expression may perform poorly in finite samples. To
see the issue, note that derivatives of all orders up to k enter the estimator jix(z), as algorithm
1 makes clear. The asymptotic variance of the derivatives of order j < k is negligible relative
to that of the kth derivatives. Correspondingly, lower-order derivative make no contribution
to the asymptotic variance of the moment estimator. However, these derivatives may still
contribute significantly to finite-sample variability. Not accounting for this contribution
may then lead to poor performance of resulting confidence intervals and tests. Second, the
resulting expression for Vi (x) will be complex for £ > 2. To see see, note that the expression
for fix(x) involves (k+ 1) kth derivatives, yielding a total of (k+ 1)(k + 2)/2 distinct variance
and covariance terms. Of these, k terms correspond to variances of m Each
of these terms in turn relies on k kth derivatives of moments of u;, which further rely on
additional & kth derivatives.’

9For k = 1 the estimator satisfies fi;(z) = 29} (y,—y,) (T — h,z 4+ h)|4—=0. The asymptotic variance V; can
then be obtained fairly straightforwardly from variance expressions for local polynomial estimators.
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H Proof of Theorem 5.1

Define the p, X p, matrix My 5, as having the (k, j)th element [v*'W(d(v — v;,)); that is,

the kth row of My 5, are the (k — 1)th moments of the individual mixture components.
Lemma H.1. Let assumption 5.1 hold. Then My 5, has rank p,

Proof. Let ¢(v) = ¥'(v), which exists under assumption 5.1. Define p;,, = [ 079 (v)dv. The

kth moment of the jth mixture component W(v — v, ;,) can be represented as
/UW(’U — Ujp,)dv = /((U —Vjp,) + Uip,) (0 = vjp,)dv
k
=Y uh [0 ) 0~ v e
=0
ok i
= Z /L ,UjJ_)U/JLk_iuw'
i=0

[v*)(v — vjp,)dv is the (k + 1,7)th element of My ;, Accordingly, My 5, may be written
out as

(o) 10, 0 0 0 0
(o) 11,0 (1) 1o, o 0
My, - : : : v
' (&) 10 D1 o (t) 0,0 0 . 0
o o (O g2 5 Dipe1-kw G p—2-kp -+ (272 1oy
1 1 ... 1
Ve Uliﬁu U2im Uﬁu.,m (87)
T T

As v; 5, # vjp, for @ # j, the Vandermonde matrix V' is non-singular. Then My 5, is written
as a product of a lower triangular matrix with ones on the diagonal and a full-rank matrix.
We conclude that My 5, is full rank as well. O

Proof of theorem 5.1. Let p(x) = (p1(x),. .., ps,(x)) be a vector of candidate mixing proba-
bilities, that is, ?”:1 pexr) =1, p(x) > 0 for all x € I, and each p is twice differentiable.

Let 7 be a finite measure on [ such that the Lebesgue measure is absolutely continuous
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with respect to m. Consider the following criterion function

/ ”Zl k! [“’“ / Zﬂa — Vjp,)dv| 7(dx). (88)

Further, let
Q = diag{1/0!,1/1!,...,1/(p, — 1)!} (89)

Last, note that
Py
— /vk Z po.j(x)Y(v —vjp, )dv.
j=1

Observe that the objective function can then be written as

Qp) = / [po() — pla)] My, 5, @My 5, [po() — pla)] 7(dz), (90)

where po(z) = (po s, (), -, pPop, ()) is the vector of true mixing probabilities and the matrix
My 5, is defined before lemma H.1.

We show that pg is identified as the unique vector of mixing probabilities such that
Q(p) = 0. Let p be such that Q(p) = 0. By assumption, the integrand in (90) is continuous
and 7(7) is absolutely continuous with respect to the Lebesgue measure. We conclude that
for all z it then holds that

[po(x) — p(x)] My, 5 @My 5, [po(x) — p(z)] =0

By lemma H.1, the matrix My ;, has maximal rank p,. Correspondingly, M\’I,yﬁv QMy 5, is
positive definite. We conclude that po(x) = p(0) for all x € 1. O

I Proof of Theorem 5.2

Proof of theorem 5.2. We only establish the second assertion. The proof of the first one
is analogous, but simpler. Let fi;, (z) be the vector of the first p, estimated moments of

marginal effects, starting for the zeroth moment, and let p;, () be its population counterpart:

P, (x) = (fio(x), i (%), - - -, fip,—1(2)),
tp, = (po(2), (@), - pp,—1())"
We begin by extending the definition of the objective function (21) to the space of

distributions of assumption 5.1. Let (p1(x),. .., ps,(z)) be a vector of mixing probabilities
for x € I, that is, p;(z) > 0, Zf”zl pj(z) =1 for all z € I. The sample objective function
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evaluate at a mixture distribution with mixing probabilities p;(x) is given by

@w—/imbk - [ Z@ o) n(do)
=/mmewn%mMmmww>

where the matrix My ;, is defined before lemma H.1 and € is defined in eq. (89). Note
that this agrees with the definition of eq. (21) if p; can be written as sums of Bernstein
polynomials.

We now bound the difference between Q(p) and the function Q(p) of eq. (88) uniformly
in p permitted by assumption 5.1:

Qp) — Qp)|
— ‘/ Hﬁm — M\p,pvp<x>i|/ﬂ (5, — My, p()]

—WmeMWWWWMMMWM

= | [ 200 ~ s 0 g )+ i, (0 i, 0 ~ s o ()] )

< w(1) | sup ||y, (2) = pp, (2)[| o 1€21]1 [ M w5, [l sup ()1l

zel

~ 2 2
+ SEI;HIWU (@)[5 — Hum(w)Hg\]

< (I [Supllﬂm(x)—um(fﬂ)ll 1201, [| M 5,1, + max] | g, ()], - ||Mm($)||§\]

zel

sﬂuﬂwmmm@wW%@m|Mhmm+mwwmv oI m%@mﬂ

xel
where we use the fact that

lo()ll, = Z\m

1y is controlled by the errors in the first p, moments, uniformly over the space of mixing

probabilities:

i = O, max_ (6ux) ) (92)
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Approximation (20) models mixing probabilities p(z) using Bernstein polynomials of

order p,. Correspondingly, define the p,-vector B(~,x) as

/
(Z V1,1bup, ( Z Voutbp. )

where v is as p, X (p, + 1) matrix that satisfies > 7", v, = 1 for [ =0,1,...p,, 75, > 0 for
all j,1. Note that B(v,z) is a vector of mixing probabilities for every x and every valid v as
by, () > 0 for all x and

po [ Pa Pa po Pz
Z (Z Y510, (@) = Z bip, (2) Z'VJJ = Z bip, (x) = 1.
=0 j=1 =0

Jj=1

For future reference, define the Bersntein weights 77 as

Wzwy — xlb)) '

B __
Vi1 = Po,j (xlb + o

where I = [y, 7,3). Observe that for any [ it holds that > 7" A ’Y]z = 1, as those are mixing
probabilities at point x = x4+ (2w — xp)/pe. Further, all are non-negative. Correspondingly,

~P is a feasible choice in the optimization problem (23). Further, v satisfies

pO] Z’lebl Pz

by theorem 4.29 of Bustamante (2017).

We now turn to the estimator Fiy(v|z) of (22). The total variation distance between

sup O(p;l), j=0,1,..., Dy (93)

zel

I3 w(v|z) and Fy(v|z) can be expressed in terms of L! distance between the corresponding
densities (which exist under assumption 5.1). Let fy(v|z) = 9,Fx(v|z) and fo(v]z) =

0y Fy(v|z). These densities may be written as

Pv Pz
= Zz%,lbl,pw (z)Y(v —vjp,) ZPOJ — Vjp,)-

j=1 1=0

where 4 is defined in eq. (23) and ¢ = W’. Then for any = € |

dry (Ex(-|2), Fo(-[2)) /|fN vlz) — folol)ldo.

Correspondingly, the distance of interest may be bounded as
2 [ drv(E(le). Fullo)n(do)

79



g/

Z [Z Viabip, () — Po,j(fﬂ)] V(v —vjp,)

=0

dvr(dz)

Dv | Pz
< //Z Z’%,zbl,pz (z) = poj(x) (v —v;p,)dvr(dz)
j=1|1=0
Dv | Pz
= /Z Z’%,lbl,pz (z) — po,;(z)|m(dz)
j=1|1=0

~ [1BG.2) = po(o)], w(d). (94)

To bound || B(%, ) — po(x)||,, consider the quadratic form 2" (My, ; @My ,) z. Let Apin(A)

be the minimal eigenvalue of a square matrix A. The following bound obtains:

(M, 2Maz) [ [IB(.2) — pola) [ ()

IA

(B(,2) = po(@)) My 5, @My 5, (B(¥,7) — po(2)) 7(dx)
Q(B(¥,) < Q(B(3.) +1v < QB(,) +1x < QB(”,)) + 20y
)

2
as. (px ,,_max 15k,N> : (95)

where in the first equality we use eq. (90); in the inequalities we use the uniform convergence
of Q to Q of eq. (91); in the last line we use (92) and

QB(HP.) = / (B(v".2) - po(x)) My, @My, (B(v".2) — pola)) m(dz)

< Amax (M, ;. @My 5, / |1B(v®,2) — po()|[5 7 (dx)

< O(p;?),

where the last line follows from (93).

The result of the theorem follows from observing that (1) Apin(My ; @My p,) > 0, as
My, is fullrank by lemma H.1, (2) [ B(3,2) — po(a)ll, < 5o | B3, 2) — po(@)ll, and (3)
combining egs. (94) and (95). O

J Moment Metrics

We first show that dy, and dj , are metrics.

Lemma J.1. Let Q be the class of cumulative distribution functions with bounded support.
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Define

[e.9]

dy ,(F,G) = (Z% [ / R F(dv) — / UkG(dv)D 1/2.

k=1
Then (1) dy,(F,G) < oo for all F,G € Q; (2) dy,(-,-) is a metric on Q.

Proof. For (1), let F;G € Q. By definition of Q, there exists some M > 0 such that
supp(F) C [-M, M] and supp(G) C [-M, M]. Then [|v|*F(dv) < M* and [|v]*G(dv) <
MP*. Thus,

=1 P2
dy (F,G) = Zg [/ VP F(dv) — /U’fG(dt)] <> T < oo
k=1 k=1

For (2), we check the defining properties of a metric:

1. d3 ,(F,G) = 0 implies that [v*F(dv) = [v*G(dv) for all k = 1,2,.... Both F and
G have bounded support, hence the moments uniquely determine the corresponding
distributions. We conclude that F' = G.

2. Symmetry is immediate.

3. As dy, has the form of an L? metric, the triangle inequality is established by a standard
application of the Cauchy-Schwarz inequality: if .G, H € Q

& (F,G) = i% [ / R (dv) — / va(dv)} 2

k=1
_ ;i % [ / R (dv) — / ka(dv)} g kf; % [ / oF H(dv) — / va(dv)} 2
+§% { / v F (dv) — / ka(dv)} { / v H (dv) — / va(dv)]
<d5,(F,H)+d; ,(H,G) + 2dy,(F, H)dy,(H,G)

= [dou(F, H) + do(H,G) 2.

]

Remark 11. d, , is in fact a metric of weak convergence on the class of distributions with
support lying in [—M, M], where M is a fixed constant. On the larger class Q the metric dy
metrizes a notion of convergence that it stronger than weak convergence. To see this, let the
distribution F), place mass (1/n) on n! and mass (1 — 1/n) on 0. Then F,, weakly converges

to a point mass at 0, but does not converge in the moment metric.

81



We now show that dj , is a metric.

Lemma J.2. . Let I C R be a closed interval. Let Q' be the space of bivariate functions

F(v|z) : RxI — [0,1] such that:

(1) for each t € R the function F(v|z) is continuous in x;

(2) for each x € I the function F(v|z) is a cdf

(8) the conditional support of F(v|x) is bounded uniformly in z, that is supp(F(v|x)) C
[—Mp, Mg| for some Mg > 0 that does not depend on x (but may depend on F').

Let dy,, be defined as in lemma J.1. Let w be a finite measure on I such that the Lebesgue

measure on I is absolutely continuous with respect to w. Define
dy ,(F,G) = /Idgw (F(-|z),G(:|z)) m(dx)

T ' I
Then d2’“ 18 a metric on QMQ.

Proof. Let dj ,(F,G) = 0. Then dy, (F(-|z),G(-|z)) = 0 for m-almost all (a.a.) z. By
assumption, then also ds , (F'(:|z), G(-|x)) = 0 for Lebesgue-a.a. z . Since dy,, (F(-|z), G(:|z))
is continuous in x, we conclude that equality holds for all x € I. By lemma J.1 then for each
z it holds that F(v|z) = G(v|z) for all v. We conclude that F' = G as functions in Q. By

lemma J.1 dj , satisfies all other properties of a metric. O

The convergence result of theorem 5.4 is stated of terms the Kolmogorov metric, and not
the moment metric used in estimation. Accordingly, the following lemma establishes an upper
bound on the former metric in terms of the latter one for sequences that are convergent or
divergent in the moment metrics. More generally, the proof provides a generic upper bound
on the Kolmogorov metric in terms of the moment metrics for any pair of distributions (eq.
(99)). A related bound using the Zolotarev A-metric is obtained by Tardella (2001) for the

case where a given number of moments are matched exactly.

Lemma J.3. Let F,F! be as in lemma 5.5.
(1) Let F, F,, € F Then

O (dy(Fyn, F)log(dy,(Fn, F))),  dou(Fn, F) — o0,
suplFao) = F(o)] = | O (ol Fvs PV 0B(au Ev, ), oy F) =300, g
veR O ([~ log(dou(F, F))]7%)), dy.u(Fn, F) — 0.

(2) Let F,,,F € F'. Then

O (d5,,(Fy, F) log(dZ (Fx, F))) , 5, (Fy, F) = oo,
/sup]Fn(v|x)—F(v|x)]7r(d:r;)— (5,(Fiv. ) Log ( D)o BB F) >
I veR O ([—1log(dg ,(F., F))]71/?), 3 (Fn, F) = 0.
(97)
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Proof. By theorem 1.5.2 in Ibragimov and Linnik (1971), the uniform distance between two

cdfs can be bounded from above as

24 ||gll
T L

pr(w|r) = pa(w|z)

sup|F(v|z) — G(v|z)| < %/0 dw + (98)

veER

where ¢ and pg are the characteristic functions of F' and G, respectively, and g = G’, and

L > 0 is a scalar. The difference of characteristic functions can be expressed as

ortul) = potwir) = > L [ [ otr(az) - [ Hatge).

k=0

By Holder’s inequality for positive w it holds that

) — ] #G(dz)]
VE!

lpr(wlz) — po(w|z)] <> %Ifz F(dz

< dau(F(+|2), G(+|2))

= dyu(F([2), G(|x)) (e = 1),
Then
2 [ ertub) — ot 2ol
— v _I._ - X
T Jo w ™ L
2dy . (F(-|x), G(- ! o 24
< 2 PO [ 1 o0 [* ]+ 2l
T 0 1 ™ L
< e1dsu(F(|2), G(|)) + eaLe" Pdy  (F (), G([)) + s L7, (99)
where c1, ¢9, c3 are suitable finite constants and we note that
, X p2ntl w2 ,
Ydv = — < — =we"".

Taking L = \/—log(ds ,(F(-]x),G(-|2))) if doy, <1 and L = \/logds,(F(-|z), G(:|z)) other-
wise in egs. (98) and (99) yields eq. (96).
To prove eq. (97), integrate with respect to x € I in eq. (99) to obtain
/sup|F(v|x) — G(v|r)|m(dr) < erdy , (F, G) + cheLQ/Qd;N(F, G)+csm(I)L™,
veR

Proceeding as above, we obtain eq. (97). O]
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Proof of lemma 5.3. The results follow immediately from lemmas J.1, J.2, and J.3. [

K Sieve Properties

In lemmas K.1 and K.2 we establish the approximation properties of the sieves introduced in

section 3.2 in terms of moment metrics.

Lemma K.1. Let V satisfy assumption 5.3 and Fo(-|xo) satisfy assumption 5.2. Let p be a
positive integer and § > 0. Let the interval [—dp/2,0p/2] be partitioned into p equal-length
closed intervals of length ¢, labeled B;,, j =1,...,p from left to right. Let v;, be the center
of Bjp. Let 0, > 0. Define the class L, ,,s as

‘CpaavaS:{ pa 6 Z’yj ( ) Z'VJ—]. ’7]20}

Then if 0p — oo, there exists a function Hz(igi’éFo € Ly, such that

ds, (np o) sFy. Fy(- |x0)> ~0 (max{de 0I2%2 o (5p)2 + 0,)e <5P/2+”p>2/2}) . (100)
In particular, if

5 Viosllog(p)) 1

p )
p py/log(log(p))e v ostos®)

then

y (Hp 0 7 R |SU0)> 0 (1og(p))

p

Proof. Define the function H;fﬁ,),,aFo :R —[0,1] as

(115 55 (@) ZFO B p0) ¥ ( - ) (101)

Observe that by definition of the Bj;,, the mixture weights in eq. (101) are non-negative.

Further, observe that B;, may only intersect at their endpoints As Fy(v|zg) is continuous in v
0)

under assumption 5.2, the weights sum to 1. Thus, Hpo P

Fy € Ly, for any p,o, > 0,0 > 0.
We first derive a representation for moments of TI\0 o) Iy and two useful related inequali-

D,0p,0
ties.Let ¢ := W'. The kth moment of ne Fy is given by

p06

vV — v
ZFO Jp|$0 /Ua_p (U—p”’>dv
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p p

p k
kN i1 v — v
=3 Bl 3 (5ot [ - 2o (P12 )
j=1 i=0 p

- g1 t— U;),p
= Y- ABialen) [((0 = vig) + )t v (22 ) do
j=1

p
k

_ i Fo(B;,|70) Z (’z) oi ok / () do
—ZFo Bjylzo) Z( ) U0yt (102)

where g4 = [v/9(v)dv is the j moment of W.
Consider the terms with ¢ = k in eq. (102). By theorem 6 in Dragomir (2000):

5[)/2 6}7/2 5p
ZF{) p|ZEO / UkFO(dt|ZE0) S CfO(S((Sp)k \/ ?J = 20f05 ( 9 ) s (103)
—0op/2 —p/2

where Cy, = sup, ,|Fy(v|z)| < oo by assumption 5.2 and \/Zg is the total variation of the
function g over [a, b]. Further, observe that eventually f 5 /2 VP Ey(dv|zg) = pr(g) as 6p — oo
by the assumption of the lemma.

Now consider all the terms with i # k in eq. (102). First we note that

k—1 k k—1 k—
Z();pp Hr—ip| < (>|Ujp|lkzz Z ( )|UJP|ZkIZ
i=0

=0 i

k—1
< kap“vj,p’ + Up)kil < koy (Ep + Up) (104)

where in the first inequality we use the fact that supp(¥) C [—1, 1] and the last one that
v »| < 0p/2 by definition.
Now we turn to bounding the distance between Hsgz’éFo and Fy(-|xo). By eq. (102):

&, (152 5Fo, Fo(-|xo) )

zp:F()(Bj,p|x0)/v — ( - ) dv — uk(a:O)]z

[
Mg
EIH

k=1 " Lj=1

00 1 [ p k k 2
S I1DSLTLMED) oY () ERaes]

k=1 " Lj=1 i=0
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M 1M

N‘|[\3

ZFO JP|‘T0

= -

< [FO( Bijplzo)vl,

£
Il

1

By eq. (103) it holds that

k-1 2
k %
/’Lk xO ZFO ]p|=TO Z(Z) ]p p :uk 7,1,[)]
=0
k—1 k
e+ 32 S i) 5 ()t ]
=0

= 2 202 5

> 7l [Fo(Bj plao)vf, — (0] < Z b 52 ( p) = 2072 §2e07/2", (105)

k=1 "
By eq. (104) we obtain

2

o 1 [ 1y o © 4 5p 2k—2

ZE ZFO(BJP|$0 (i)%‘,p";’? Pr—ig | < ng%ﬁ (? +Up)

k=1 j=1 =0 k=1

& k: L (5p 2k—2

- ; =17 (7 + “p)

S (k1) (6 %—2 1 , (6p 2%k—2

_;(k—l)!% g T +;(k—1)!0p o T

& 1 , (6p 2%k—2 1 L (op 2k—2

_;(k—Q)!Up (74—0;,) +k:1 (k—l)'gp 5 + 0,

o~ 0p/2+0,)" 5~ (0p/2 4 0p)*
k=0 k=0

< 202(0p/2 + 0,)2elOP/FHw)”, (106)

Eq. (100) follows from eqgs. (105) and (106). O

Lemma K.2. Let ¥ satisfy assumption

5.3 and let Fy satisfy assumption 5.2. Let p,, p,

be positive integers; let 6 and o, be positive numbers. Let the interval [—op,/2,0p,/2] be
partitioned into p, equal-length closed intervals of length 0, labeled B;,, , 7 =1,...,p, from

left to right. Let v;,, be the center of Bj,,. Define the class L!

1
£(p1’1670'p)7p96 = {A(vaéﬂp)y;ﬂm |I’ 7

r — T

(Pv,8,0p)ipa &5

(%
( Ujpv>a’7jl>0 ZV]Z—1VZ}
p

j=1

ZZ’Y]lblpl

7=1 [=0

Ty — T

Pz
ot = () (222

Then:

l Pz—l
> (xub - xlb)

(1) For each valid vector v and each x € I the function Ny, s5.0,)p.(V|2,7) is a cdf. Support
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of Ny, 5.0,)p. (V|7,) is bounded uniformly in x

I

(2) Let m be a finite measure on I. If dp, — oo, there exists Wy, 6.0,)p, Fo(v]z) € L, 5,5,

such that

d;r,,u (H(pv7évgp)7sz0(v|x>’ FO(/U|$>)
1
< 5 [ B (g . Folela). Foole) i)

=0 (max{ée(‘si’/?)z/?,p;16(5p/2+2>2/2, o,(6p/2 + Op)e(ap/2+ap)2/2}>

(3) In particular, if

s Vioslloglp)) 1

Y

p )
pU p‘ /log(log(pv))e log(IOg(p’U))

Pv = Pz,

then

[ B (e Fulole). Fo(vfo) () = O (liﬂ) |

Proof. We begin with the first assertion. First, > 7= 7;ibip, (z) > 0for all j =1,...,p, as
71 > 0 and for any = € I, by, (x) > 0. Second, the mixture weights sum to unity: since
o bip, () =1 for each x € I, it holds that

pv [ Pa Pz Po Pa
> (Z vj,zbz,pm(x)) =D b (@)Y =) bip.(2) = 1.
1=0 j=1 1=0

j=1 \ =0

Define

Pv Pz
H(pu,5,0p),sz0(U|x) = Z Z Fy (By}pv

j=1 1=0

o+ Wbp_—xw)) b ()0 (f—_v) 7

x 0_p

where xy, and x,; are the endpoints of 1. Observe that by construction Il 5., Fo(v|z) €

I
(pv »57‘71)) Pz’

in t for each xz.

as the intervals B;,, may only interest at their endpoints and Fy(v|x) is continuous

To prove approximation properties, we proceed similarly to lemma K.1. The kth moment

of the approximation at x is given by

Pv Dz
xw — 1 — v,
ZZFO (Bj,pv Ty - w> bip, () /Uk—w (M) dv

o o
j=1 1=0 p p

o 2w — i) SR G
:;;FO B, xlb+T bl,pz(x); )V, i (107)

We being by considering the term corresponding to ¢ = k in the third sum. This term targets
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pg(z). Further, the difference may be decomposed as
pu

St [0 (5
+ZF0< .

First, as in lemma K.1, by theorem 6 of Dragomir (2000) we obtain that

)
ZFO(H’U <Cfo5(2p> ,

for C, = sup,ep zer Fo(v|r).
Second, we consider the leading sum in eq. (108). By assumption 5.2, the function (of

x)]

v) vy, = m(a). (108)

xw —x
T + %) bip. () — Fo (Bj,pv

> .]pv_/l/k( )

sup
zel

z) Fo(Bjp,lz) = |, B, (v]z)dv is twice-differentiable with a bounded continuous second
derivative on I. Label the endpoints of Bj,, as Bj,, = [Wj_1p,,W;p,] and recall that

Wjp, — Wj—1,p, = 0. We can estimate the second derivative of Fy(B;,, |z) as

1 Wj,py
o / O, Fo(v|x)dv

wjvpv - wj_lvpv

}aa%FO(Bj,pv |x)} =

< Chy, 1,0.

Wj—1,py

where Cy,, = sup, ,|0.Fo(v|z)|. Then from theorem 4.29 of Bustamante (2017) it follows
that for some C; < oo
Pz

Chd
> R (Bjypv —.
1=0 Dz

<

max
zel

(zy — x
Ty, + %) bip, (2) — Fo(Bjp, |7)

It follows that

Z%p > [ e LR Fo<x>H

1=0 P
Oné o G (1D
kE+1 ’
where we observe that
Do [Pv/2] [pv/2]
D i lF <2 > (G+1)8)F =285 > (i + 1)
j=1 j=1 j=1
[pv/2]+1 ([pq + 1)k+1
< 26* <gfkzl 2
N /1 (e +1)" k+1
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Now consider the sum over i from 0 to k£ — 1 in eq. (107). By eq. (104)

k—1 k—1

k 7 5pfu
Z(z) Jpp i i <kap<2 +Up) .
i=0

Correspondingly,
Pv Pz k—1
l - k ,
S5 s (B et Y o )3 (V)b
j=1 1=0 i=0
(Spv k—1 DPv Pz l Ty — ﬂflb)
S k?O'p 7 + Op Z F() Bj,pu T + T bl,px (l’)

j=1 1=0

= ]fO'p (Tv + O'p) .

Then it holds that

/ &, (T, sy Fol(0]), Fo(0]2)) m(d)

2 2 k172
py Cr6" (5] + D! opy
<8/1 — 1 1Co (2)] —i—{ o 2k’+1 1+ kap(7+ap> m(dx)

k= 0
+ 20}%(52%/2 + Up)2€(5PU/2+Up)2} .

2
< 8n(I) {20]2@0526(5””/2)2 4 e(5pv/2+2)zc_;r
p

xT

The equality in (2) follows by the assumption that 7(I) < co. To see the inequality in (2),
observe that by Jensen’s inequality for any F,G € F! it holds that

2

us 2 1
[dQ,M(Fv G)] = [/dQ,“(F(|I)7G(|.T>)7T(d([f):| < 71'(]) /Idg’#(G<|ZE),G(|I))7T(dZE) (109>
(3) can be obtained by substituting the proposed values for p,, p;, 9, o,. O]

L. Proof of Theorem 5.4

We will use the following high-level lemma to establish the consistency (theorem 5.4) of the
distribution estimators. The lemma be viewed as a modification and amalgamation of lemmas
A.2 and B.1 of Chen and Pouzo (2012).

Lemma L.1. Let Qn(-|xo) and Q(-|zo) be defined as in eqs. (28) and (29), respectively. Let
L, be the pth sieve space defined in eq. (25) and F be as in assumption 5.2, both equipped
with the metric topology induced by ds,, and the corresponding Borel o-algebra. Let
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(1) p=p(N) be a non-decreasing sequence such that p — oo as N — 0.

(2) SupFeﬁp‘@N(Fmo) —Q(F|x0)‘ < nox where Ngy = Ous.(Son) for a deterministic
sequence dg n = o(1).

(8) Fy(v|zy) = arg Milpep [QN(F|x0) + AnPE,(F)| for some non-negative Ay and a non-
negative penalty function P, : £, — R,.

(4) There exists an approzimating function H( O)Fo € L, such that ds (I, ‘TO)FO, Fy) — 0.

(5) AP, ( (”°)F0> 0.

(6) Fx(v|zo) is a measurable function of the data.

Then

da . (Fn (+|w0), Fo(+|0))

— Os. (max{d2 (159 Fy, Fy) , /S \//\NP o FO)}> = 0ns.(1).

Proof. Note that by definition £, C F for any p, and so both Q( \:Uo) and Q( Fo!foo)
are defined.

Consider the following chain of inequalities:

QEY|z0) < Qu(En(-|20)|wo) + g, + AnBy(En(-|20))
QNI Fy) + ng.n + AnBp(T150) Fy|2)
Q

(1 0>F0\:c0) + 2ng,n + An B (I ).

IN

IN

where the first inequality holds by assumption of uniform convergence of Qy(-|zo) to Q(:|zo)
over £, and non-negativity of the penalty term; second inequality by definition of Fy(v|xo)
and the fact that H,(jxo)Fo € L,; and the last inequality by applying uniform convergence again.
Finally, recall that Q(F|zo) = d3 ,(F, Fo(:|zo)) by eq. (29). Further, Q(-|xo) is continuous
on F (as the square of the metric generating the topology of F), and thus measurable. The

result follows. O
An analogous result holds in the interval case.

Lemma L.2. Let Qn and Q be defined as in egs. (30) and (31), respectively. Let LI  be

Pu,Da

the (py, pe)th sieve space defined in eq. (27) and F' be as in assumption 5.2, both equipped

with the metric topology induced by dj ,

(1) py = Pu(N), pe = pe(N) be non-decreasing sequences such that p,, p, — 00 as N — oo.

(2) suppecr ‘QN(F) — Q(F)’ < nH.n where nh y = Oq..(04 x) for a deterministic sequence
that satisfies dg.n = o(1).

and the corresponding Borel o-algebra for d; . Let
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(3) Fy = arg Minpepr [QN( )+ )\{VPPI(F)} for some non-negative N, and a non-negative
penalty function pr EZIJU e — Ry

(4) There exists some 1L, , Fy € Ly, ,, such that [d3 (I, ,, Fo(-|x), Fo(-|z)) x m(dz) =
O((SH N) fO?" (5H,N = 0(1)

(5) >\I pU Pz (HpvyszO) — 0.

(6) Fy is a measurable function of the data.

Then

d3 (Fx, Fy) = Og. <max{\/m,\/5QN,\/)\l - pvszO)}):oa_s_u).

Proof. Proceeding as in lemma [..1, we obtain that

Q( ) < Q( Pv,Px ) + 277QN + >\I pv Pz (HpvaszO)‘

Observe that Q(F) = [, d3 z),G(-,z))m(dx) for any F € F'. It then holds that
d3 ,(F) < /Q(F by eq. (109). The conclusion follows. O

The following lemma shows that the sample objective functions converge to the population

objective functions, verifying conditions (2) of lemmas [..1 and 1..2.

Lemma L.3. Let assumptions of theorem 5./ hold. Let QN(\),QN(), Q(]), ad Q(-) be
defined as in eqs. (28)-(31). Let the sieve spaces Ly, L] be as in the egs. (25) and (27),
respectively. Then

sup )QN Flz) — Q(F|z) 250, foranyx €l (110)
FeL,

sup  [Qn(F) — Q(F)| 22 0. (111)
Fecll

Pv,Px

Proof. We establish eq. (111). The proof of eq. (110) is analogous, but easier. Define the
functions Hy(F,z), H(F,z) : FT x I — R as
K1 2
() = X gy juto) = [t

o0

H(F,z) = Z ;‘ {M( ) — / ukF<dv|x)r.

As in the proof of lemma J.1, observe that H(F,z) < oo for any x € [ and F € F'.
As Elf,v,pz c FI for all (p,,p.), H and H are automatically defined on ,Cév’pz. It holds

Qn(F) :fIﬁN(F,:C) (dz) and Q(F) = [ H(F,z)m(dx).
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Bound the difference of Hy(F,z) and H(F,z) for given F € £I xz e T as

Pv;Px’

< K_1% (7 (x) - KZ [ - ) [ v’“F(dv|x)H
k=1 k=
N kg 1',u;.C +2 Z ]{;IM’“ /UkF(dv|x) + g{% [/ ka(dU,m):|2 .

We will now show each sum tends to 0 a.s. uniformly over F € ,Cémpz and r € [ as
N — 00,py, = pu(N) = 00, pr = p(N) — 00, K = K(N) — o0.

Consider the first sum and observe that it does not depend on F'. Consider the function
gn (k) defined as gy (k) = (k!) ™' sup,/|p2(x) — pi(z)| for k < K and gn(k) =0 for k > K.
Define the event By, = {gn (k) <=3 0}. By the assumption of the theorem, P(B;) = 1 for all k.
On the event B = (1), By, the function gy converges to the zero function pointwise. Observe
that |gn (k)| < 2(3’/’f(k!)_1/2 for all N by assumption 5.2 and definition of fix(x) (above eq.
(32)). As > 72, C’/"j(k‘!)‘l/2 < 00, by the dominated convergence theorem on B it holds that

K-1 00
I 2
E :_ — < E k) —0
FESZI)E)M ner p k! ('uk(x) Mk(x>) i ()

Since P(B) = 1, convergence is a.s.

Now consider the last term. Observe the support of any F' € LI  satisfies supp(F) C

PosPe
[—Cxlog(p,), Crlog(p,)]), where Cx is a constant that does not depend on F' or (p,,p.).
Thus, for any F € L]  its kth conditional moment [v*F(dv|z) lies in the interval

[—(Crlog(p,))*, (Crlog(p,))k] for all x € I. Tt follows that

aw > [ [etran) <3 %

k=K
K-1
C]:lOg b )
=2 |e (Cr log(pu)) Z -
k=0
< (Crlog(pu))™ (criog(r)?

K!
eK(C]_- log(pv))QKe(C}" 10g(l7v))2

VKKK ’

where the second line follows from (1.1) in Pritsker and Varga (1997) and where we apply

Stirling’s approximation in the last line. As p, = o(exp(K'/?)) by the assumption of the

theorem, the above expression tends to zero.
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The remaining terms can be handled by applying logic similar to that of the above
arguments. Again using the fact that suppczr [ v*F(dv|z) < 2(Crlog(p,))*, we obtain

the following bound for the second term:

K-1

> () = (o) [ o P(olojar]| <

Let the event B be as above. Each term on the right hand side converges to zero on B by

Z  |Cr 108; Do)l

Ssup max
frect zel

Pv,Px

Suplﬂk(x) — k()]
zel

the assumption that (log(p,))* = o(dx n) for each k. By proceeding as with the first term,
we now obtain that the this term converges to zero on B. For the third term, note that by
assumption 5.2 the true distribution Fj has bounded support, bounded uniformly in z € I.
Correspondingly, there exists some constant M such that supp(Fy(v|z)) C [-M, M] for all
x € 1. Then

o0 M?k < M2K 2
p s> i) < 30 A < M e
FeLy, p, €l g —K :

which tends to zero as K — oo.

Finally, for the fourth term use both the support bound on members of L'p », and the

bounded support assumption on Fj to obtain

— 1
sup sup Z E,uk(x)/ka(de

FELP P we]k K

> (MC log(p,
Z 7) li! g(py))" |

k=K

which tends to zero by the same argument as for the fifth term. O]

Proof of theorem 5.4. Throughout, 7 and £, are equipped with the topology generated by

da,; F' and £}I, p. are equipped with the topology generated by dj ,
Consider the first assertion. Consistency is established by verifying the conditions of

lemma L.1:

(1) Holds by the assumption of the theorem.

(2) Holds by lemma L.3

(3) Identify £, with the unit simplex A? in R” via the map I', : £, — AP that sends

PV (o, (0 —v5p) = (Y-, ) = . Ty is well-defined. To see this, let

F € £, and suppose that F' can be represented by 4 and -, so that Z§:1(’Yj —
0;)¥ (0, (v —v;p)) = 0. Then Y¥_ (y; — 6;) [vFo, ' (o, (v —w;p)) dv = 0 for

k=0,...,p—1. We show by induction that Z¢:1(Uj,p) (vi—6)=0fork=0,...,p—1.
For k=0

p

zp:(%‘ —45) /t00—1¢ (0, (v —vjp)) = {/ o, 0 (0, (v —vj,)) dt} S (-6 =0

j=1 j=1
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Since the integral in brackets is equal to 1, it holds that >2*_, (v; —;)(v;,)" = 0. Suppose
that we have shown that Y°%_, (y-0;)(v;,)' = 0 for [ =0,...,k — 1. Then

0= z:(%- - 6j)/ o, ' (0, (v = v;,)) dv
— é(% —4;) /((v —vjp) + vj,p)kaglw (0, (v = v5)) dv
— é(% g ( ) Vip) / v —v;,) o M (0, (v —vy,)) dv

k
:Z(Z) :uk zwz UJP
—Mowz UJP

where ;4 == [ v/ (v)dv, and the last equality holds by the inductive assumption. Since
to.p = 1, we conclude that >0 (v; — 8;)(vj,)" = 0 as desired.

Treated as a system in (7; —§;), the equations Y, (v;,)f(vi—&;) =0for k=0,...,p—1
define a full-rank Vandermonde system of linear equations. It follows that v; = 9,.

For F' € L,, define P,(F) = HI‘p(F)Hg P,(F) is well-defined since I', is.

Then by eq. (18), Fi(:|zo) minimizes Qn(F|zo) + AxPoy(F) over Loy

(4) Holds by lemma K.1.

(5) By definition of £,, for any F' € L, it holds that |I'(F)||;, = 1. Then |I'(F)|, <
IT(F)|l; = 1, and hence P,(F) = |T'(F)||2 < 1. Since Ay — 0 by the assumption of the
theorem, Ay P, (HSEO)FQ) — 0.

(6) Each moment estimate fix(z¢) is a continuous function of the data. Then by a standard
argument the estimated mixture coefficients 4 of eq. (19) are a measurable function of
the data (with respect to the Borel o-algebra induced by the norm topology on AP(M).
Let I', be as above and note that I', is a bijection between £, and AP. Observe that
Fy(v|xg) = I (). The map I';' : AP — £, is continuous if £, is equipped with the
L' topology." Since the L' topology is stronger than the metric topology of da,, T';" is
also continuous with respect to the latter topology. Measurability of Fy(v|xg) follows.

Thus, conditions of lemma L.1 hold and ds, (FN(-|xo), FO(-|x0)> =% 0. By lemma 5.3 we

conclude that sup, g |Fv(v|ze) — F(v]zg)| 22 0.

""Norm AP with the co-norm. Then ||, (8) — T, ' (v)]|, is bounded by
f!Ep Vi — ) _1¢( (t_vjp>‘<22 1|'7J_6|f0_1w( (t—vjp))dt§p||’y—5||oo

94



The second assertion follows analogously by lemma [..2. We highlight the relevant changes:
(3) To replace T, let £~ be as in eq. (27). Identify £  — with (AP*)P* via the map

Pv,Px
Cpupe 2201 Dm0 Vibip, (@)o, 0 (0, (v —v;p,)) = . Tp,p, is well-defined. To see
this, suppose that the same F' € ﬁ;mpx can be represented by « and 4, that is, that
Pv Pz
DD (v = 5)bip, (1) ¥ (0, (v = v1p,)) = 0.
j=1 1=0

Evaluate [o* 2" 370 (vi0 = 0;0)bip, ()0, "¢ (o, (v —vjp,)) dv for k=0,...,p, — 1.

As above, we obtain that > 7", 377 (v — 0;0)bp, ()0}, = 0. Rearranging,

Pz Pv

Db (@) Y (5 = 030y, =0, k=0, po— 1.

1=0 j=1
Since {bgyp,,---,bp, p. } is a linearly independent collection of functions, we conclude
that for each [ = 0,...,p, it holds that > ¥ (v, — d;0)v,, = 0. This is a full-rank
Vandermonde system of equations in (1, —01,, - - ., Vp,1—0p,1). It has the unique solution

Vi1 = 0j; for j =1,...,p,. The same holds for all [ =0,...,p,. Thus v = 4.

Po

Now we define a suitable penalty. Define Py, (F) = Y%,

(4,0)th element of ', ,, (F) .

(4) We use lemma K.2 in place of lemma K.1.

(5) Let F e L] . Let v, = Tp,p,(F) for f € L] . Observe that v;; € [0,1] for all
j,l. Then P! (F) = D0 S S D00 Vi = pe where the final equality
holds by definition of £ . Now by the assumption on A}y = o(p, ') we conclude that

SUPper,, ,. )‘{szfu,pz (F) — 0.

By lemma L.2 d7 , (FN, F0> =% 0. The second conclusion follows from lemma 5.3. O

120 V2 where 5, be the
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